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Abstract 

Among smooth non-rational Fano 3- folds, the non-hyperelliptic Fano 3-fold X = 
XiQ of degree 10 (= of genus 6) has the unique property to admit a non-trivial orbit of 
birationally equivalent threefolds, inside its moduli space Xiq. Here we prove that these 
orbits are, in fact, the same as the fibers of the Griffiths intermediate jacobian map on 
XiQ. This coincidence leads up to the main result of the paper: The general fiber of the 
Griffiths map on Afio is a union of two irreducible 2-dimensional components Fi and 
F2 of birationally equivalent threefolds. Moreover, each Fi is isomorphic to the family 
of conies on any threefold X ^ Fi, and any threefold of Fi can be obtained from a fixed 
A(0) E Fj by a "quadruple cubic projection from a conic on A(0). As an application, 
we give a negative answer to the Tjurin's conjecture: The general Xiq is birational to 
a quartic double solid. 
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I. Introduction. 
(I.O) The unhandy Fano threefold Xiq. 

According to the classification [Iskl] - [Isk2] of Fano-Iskovskikh, there are 18 types of 
Fano threefolds of the l"*** species ( = r/c. Pic = 1). For 8 of these types: P^, the quadric 
Q2, the complete intersections of two quadrics 14, the del Pezzo threefold F5 = P(Tp2) = 
any smooth complete intersection of the Grassmannian G = G{2, 5) C P^ and a subspace 
P^ and the threefolds X2g-2 C Pf+\ g = 7,9, 10, 12 (as well the exceptional " see [MU], 
[F]), any threefold is rational. 

The general element of the next 10 families is non-rational (see e.g. [Bl]); and there are 
two basic methods to their study: 
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(CG). The Clemens- Griffiths approach - studying the relation between the Fano three- 
fold X and its principally polarized intermediate jacobian (J(X), 0), and 

(FI). The approach of Fano-Iskovskikh - studying the birational isomorphisms X ^ Y, 
in the class of smooth Fano 3-folds. 

Three - among the 10 "non-rational" types - the cubic ^3, the quartic double solid 
Y2, and the complete intersection of two quadrics Xg, have relatively simple jacobians, and 
the approach (CH) has been successfully applied for them, especially - to prove the Torelli 
theorem for each of them, in the form: The singular theta divisor determines unique the 
threefold (see e.g. [CG], [Tju], [B2], [Vo], [C2], [Del], [D2]). Moreover, the threefold Xu is 
birational to a cubic 13, and its properties can be reduced to properties of Y3 (see e.g. [Isk3, 
Ch.3], [Tr], [Pu]). 

As far as the author is informed, the approach (FI), which works - in general - for 
threefolds which are "far from P^" , was successful to describe the birational isomorphisms 
for 5 of the rest 6 types: the quartic X4, the sextic double sohd X2, the double Veronese 
cone Yi, the complete intersection of a quadric and a cubic Xq, and the double quadric X'^. 

As a summary, any birational map from one of these threefolds X to a Fano 3-fold of 
the 1~** specie must be either a biregular automorphism of the threefold X, or - at most - 
a composition of birational involutions of X and a biregular automorphism (see [IM], [13], 
[15], [HI]). 

What was left is the type of Fano threefolds of degree 10, or - equivalently - the Fano 
threefolds of genus 6 = the genus of the canonical curve on the threefold (see [Iskl], [Isk2]). 
There arc two kinds of such threefolds: 

The non-hyperelliptic kind Xiq = G HP'^ H Q = the complete intersection of the Grass- 
mannian G — G(2, 5) C with a subspace P^ and a quadric Q, and 

The hyperelliptic kind - the Gushel threefold X[q — > Ig = the double covering of the Fano 
threefold Y^ — G nP^, branched along a quadratic section of Y5. Moreover, any smooth X[q 
is a smooth projective deformation of Xio, i.e. X[q is "less general" than Xio (see [Gus]). 

(I.l) The existence of a non-trivial birational orbit - a unique property of Xio . 

In this paper we study the "more general" non- hyper eUiptic Fano threefold Xiq. 

First, we shall try to answer the question why it is hard to apply for Xiq either of the 
approaches (CG) and (FI). 

The approach (CG), being applicable for Fano's with "simple" jacobians should work for 
Fano's X of non-rational types and with small /i^'^ = dim J{X). Indeed, /^^'^(Ys) = 5, and 
/i^'^(F2) = 10, h^''^{X^) = 14 - which is conspicuously less than e.g. /i^'^(X4) = 30. Moreover, 
JiY^) and J{X^) are Prym varieties - which, in particular, simplifies their descriptions, while 
studying the 10-dimensional J{Y2) had taken lot of efforts ([W], [Til], [Ti2], [Ti3], [CI], [Vo], 
[D2], [C2]). 

Concerning X2, X4, X4, Yi, and Xg - the field of the approach (FI) - one has: /i^'^(X2) = 
52, /ii'2(X4) = i/^'2(Xl) = 30, /ii'2(Yi) = 21, and /^^'^(Xe) = 20; and one should be prevented 
from the large /i^'^ to find an easy way to apply (CG). 

As regards Xio and X{q, one has /i^'^(Xio) = /i^'^(X(q) = 10, and the Fano threefolds of 
degree 10 should be nearer to such threefolds like the quartic double solid Y2 (see (1-4)). 
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However, as it follows from the forthcoming, the Torelli theorem docs not hold for Xio - 
i.e. one cannot recognize Xio from its p.p. intermediate jacobian J(Xio, 0). In other words, 
if A'lo is the moduli space of Xio, then the Griffiths intermediate jacobian map j : A'lo A\q 
(see e.g. [CG], [Tju]) has a non-trivial fiber over the general ^ = ( J(Xio), 0) G Jio = 

Image{i). 

In order to answer the question: Why Xio is far from threefolds like the quartic and the 
sextic double solid, we introduce the notion birational orbit: 

(*). Let X be a Fano threefold of the 1"''* specie, and of any of the 10 "non-rational" 
types (say X4,...). Define the birational orbit of X :—: Orbbir{X) to be the set of all the Fano 
threefolds y - of the same type (i.e. X4,...) - which are birational to X: mod.(biregular 
equivalence). 

Turning to the "(Fl)-threefolds": X4, X4, Xg, X2, and Yi, one immediately concludes that 
the birational orbit of the general element of any of these types is trivial - any such birational 
isomorphism must transform X into itself. 

Even for the "(CG)-threefolds": Y^, Y2, and X^ - which, in particular, have large groups 
of birational automorphisms - one can immediately see that the Torelli theorem, together 
with the generic non-rationality, prohibit the non-triviality of the birational orbit of their 
general elements X. Indeed, let X be a general element of any of these 3 types, and let 
X' e Orbbir{X); in particular, X' is also non-rational. As it is well-known, the jacobian of 
the general 3-fold X of any of these 3 types is an indecomposable abelian variety, which is 
not an jacobian of a curve. Therefore the birationality of X and X' implies that J{X') is a 
product of J{X) and an jacobian A of a (possibly - non-connected) curve. Now, the identity 
dim J{X) = dim J{X') implies that A = 0. That is J{X) = J{X') ^ X = X' - by the 
Torelli theorem. 

All this brings up the question: 

Is Orbfjir a trivial notion? - No, it isn't: OrbbiriXio) is not trivial; and this non-triviality 
is the property, by which Xio differs from the rest non-rational types of Fano threefolds. 
Here, among all, we shall find the birational orbit of the general Xiq. 

(1.2) Structure of the paper. 

Let X — Xio £ ^10 be a general non-hyperelliptic Fano threefold of degree 10. Let 
{ = j{X) = (J(X),0) be its intermediate jacobian, and let J~^(0 C Xio be the fiber of j 
through X. 

As one may expect, the inclusion Orbbir{X) C j~^{j{X)) takes place from trivial reasons 
(see above). The main result of this paper - Theorem (F.6) - tells, in particular, that these 
two sets coincide. That is - if the general Fano threefolds X, Y have the same jacobian, then 
they are birational to each other. 

The proof of the coincidence { the fiber of j through X} = { the birational orbit of X}, 
is carried out in two steps: 

Step (i). Studying the fiber of the intermediate jacobian map j, defined on the moduli 
space of Xio; ^-nd this yields the topological structure of the fiber - it is a union of two 
irreducible surfaces F U F; 

Step (ii). Discovering of two 2-dimensional irreducible surfaces, inside the birational 
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orbit of a fixed general X = Xiq; and this, together with the inclusion Orbbir{X) C 
{ the fiber F U F through X}, yields the algebraic structure of the components F and F 

- each of them is birational to the Fano surface of conies on any of its elements. 

In order to carry out step (i), in section A we describe first an appropriate model of 
Xio, as follows: The general Xio is a quadratic section of a smooth 4-fold of degree 5 
W — WCP"^) = G n C P'''. It is known that such W is unique, and - as it turns out - W 
is a prehomogeneous space for the action of its 8-dimensional automorphism group Aut{W) 

— an extension of PGL(2) by a scmidirect product > (see (A.4.3)-(A.4.4)). The 
action of Aut{W) cuts the space | Ow{'^) \= into 8-dimensional orbits of projectively 
equivalent Fano threefolds of degree 10; and we see that the obtained 22-dimensional orbifold 
if birational to X22 - sec (A. 6. 2). 

In order to find dim j{Xio), and the topological structure of the fiber of j, we study, 
in section N, the nodal Xiq, and its projection Zg C P^ through the node - which is a 
degenerate intersection of 3 quadrics which contains a quadratic surface. The observation is 
that the jacobian of the general nodal Xiq is a Prym variety of a double covering of a general 
plane sextic. It follows that the codimension one subspacc J'^°'^ c J\q — j(A:'io), swept out 
by the jacobians of the nodal Xiq, is the same as the 19-dimensional space Vq of Prymians 
of the double coverings of plane sextics - see (N.3). 

Now, we degenerate the result of Friedman-Smith [FS] - declaring an (1:1) correspon- 
dence between general complete intersections Zg of 3 quadrics, and the corresponding double 
coverings of their determinantal septics - to general which contain quadratic surface, and 
the corresponding double coverings of their discriminantal sextics (see section N). As a result, 
we obtain that the component F of the fiber of j, through the nodal X, is two-dimensional. 
Moreover, the result of A.Verra [Ve], which shows that the degree of the Prym map for plane 
sextics is Iwo^ implies that the fiber of j through the nodal has two components - both 
of dimension 2. 

The same is true also for the general fiber of j - it consists of two irreducible surfaces. 
In particular, dim J\q = dim Xiq — 2 = 20, where jTio C ^10 is the image of j - see above. 

The next is to carry out step (ii)., i.e., to consider the fiber of j as a birational orbit of 
threefolds, and to describe this orbit as an algebraic variety. This is reafized in sections L, 
C, and F, as follows: 

Let j"^(0, ^ = (J, 0) e Jio, be the general fiber of j, and let i"^(0 = -F U F, where F 
and F are its two components. 

Now, the question is to find an appropriate 2-dimensional family of Xiq, which are bira- 
tional to each other. The base of this family will describe one of these two components, say 
F, of the fiber of the Griffiths map j. 

As a summary, the main result of section C, and of section F, regarding this last question 
is: Such a base is the Fano surface J-'{X) of conies on any threefold X = Xiq on the fiber of 
j. Moreover, if X G the component F then J-'{X) and F are birational to each other - sec 
(F.5.2)-(F.5.3). 

In order to prove this, we show in sections C and F that the general conic q, on the general 
X e XiQ defines a birational map to another element of Xiq: ag : X ^ Xg. Moreover, if p 
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and q are two such non- coincident conies on X, then Xp ^ Xq - see Proposition (F.2). 

This imphes that the Fano surface of any element X G is birational to one of the 

components, say F, of ^'^^ we show that X ^ F - see Proposition (F.5). The residue 

component F of — F -\-F, is isomorphic to the Fano surface of any hne transform Xi 

of X - by (F.5) and (F.5. 2). In particular, all the elements of j'^iC) are birational to each 
other (see sections L and C). 

(1.3) The line and the conic transformations of X^q - analogs of the classical double 
projections. 

Let X — Xio be general, let J^{X) be the Fano surface of conies g C X, let T{X) be the 
curve of lines I <Z X, and let F be the component of the fiber of j through X. 

It is right to mention that the conic transformationsa^ : X — >■ Xq - which describe the 
component F, as well the line transformations f3i - which interchange F and F, relate the 
birational properties of the threefolds Xiq and the birational properties of the rational types 
of Fano threefolds. 

More precisely, the map /3/ : X — > X/ is defined by the system | Cx(2) — 3.Z |, while the 
map aq : X ^ Xqis defined by the system | Ox (3) — 4.g |. The point is that these maps are 
birational isomorphisms between non-biregular Y&no threefolds. 

As it follows from (I.O) and (1.1), an existence of such birationalities, between non- 
biregular threefolds, never happens, in general, for non-rational types of Fano threefolds - 
except, of course, these which come from the well known birationalities between the cubics 
and the threefolds X14 (see also (1.5) - Remark (a.i)). Turning to rational classes of Fano 
threefolds, one can find the three classical birational double projections from a line: 
^ ^ and X22 ^ 

The double projections, discovered in its own time by G.Fano, and used - in particular - 
to establish the rationality of Xig, and X22, have been reexamined recently as generating 
examples of D-flops over the projections from a line (sec e.g. [Isk7]). 

The same is the situation with the "triple quadratic projection" from a line / C Xio, and 
with the "quadruple cubic projection" from a conic q C Xiq: There exists a special D-flop 
X' — > which resolves, mod. codimension 2, the projection of Xiq from the hne I (or - 
from the conic q) - see sections L and C. 

(1.4) A negative answer to a Tjurin's conjecture. 

In addition, it is worth to mention that the results of the paper imply, in particular, an 
answer of the Tjurin's question (see [Tju, Ch.3:Sect.2]): 

(**). Is the variety Xiq birational to a quartic double solid Y2? 

The answer is no - in general: The image Jiq — is 20-dimensional - see e.g. The- 

orem (F.6), while the well-known image ^2 — j ({Quartic double solids}) is 19-dimensional 
-seee.g [CI], [D2], [Ve]. 
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(1.5) Remarks. 

(a). As it follows from the preceding, the only two other non-rational types of Fano's of 
the specie, for which the birational orbit of the general element might be non-trivial, 
are Xu, and Here we discuss separately either of these two cases: 

(i) . The birational orbit of X 14. 

As it is well-known - sec e.g. [Gus], [Isk6] - the Fano 3- fold X14 is an intersection of 
G{2, 6) C P^^ and a codim. 5 subspace P^. That is, the moduli space A'14 should be birational 
to the 15- dimensional quotient space G{5, 15)/Aut G{2,6). 

Here we present one conjecturable decription of the fiber of the Griffiths map on Xiq: 
Let be the 10-dimensional moduh space of cubic threefolds. As one can see, there 
exists a generically 1 : 1-corrcspondcncc S between the 20-dimensional spaces Cl{Xi4) = 
{(Xi4,C) : C C Xu,degiC) = 5,Pa{C) = 1}, and Cl(y,) = {{Y,,C) : C C Y,,degiC) = 
5,Pa{C) = 1}; and this correspondence S conforms to birational isomorphisms (see e.g. 
[Isk3, Ch.3], [Pu]). 

Let p' : E ^ Cl{Xu), p" : S ^ Cl{ys), pu : Cl{Xu) ^ X^, and ps : Cl{ys) ^ y^ be the 
natural projections. Then, by our conjecture, the 5-dimensional fiber of j : X14 — > 7 (3^3), 
above the general (J, B) = JiY^), has a component of maximal dimension, which is birational 
to pi4 o o (p3)~^(y3); and this fiber coincides with the birational orbit, in X14, of any 

of its elements. 

Anyway, the description of the birational orbit of Xu, is a problem of parameterization of 
the birational isomorphisms from a fixed cubic Y3, to Fano's of type Note that, besides 
the birational isomorphisms Y^ Xi4{C) - defined by elliptic quintics C = G Y3 (ibid.), 
are known also birational isomorphisms Y^ — > Xi4{E) - defined by elliptic quartics E G Y^ 
(see [Tr]). 

(ii) . The birational orbit of X[q. 

One may assume that, being a smooth deformation of Xio, the Gushel threefold should 
admit - by similarity - a 2-component fiber, consisting of two Fano surfaces. However, 
such a deformation does not live in the model Xiq, of the moduli space of non-hyperelliptic 
Fano's of degree 10, considered in this paper (see section A): The smooth deformation from 
non-hypereUiptic Xiq-s to Gushel 3-folds fives in the moduli space X^q - of Fano's of degree 
10, regarded as embedded in a cone C{W) over the fourfold W — W5 C P^ (see [Gus], and 
section A). Anyway, X^^ is naturally birational to our model Xiq. 

In particular, all the generic properties of the elements of X^q must be the same as the 
generic properties of the elements of Xiq. This suggests to expect a 2-dimensional fiber of 
the Griffiths map j"^ on X^q - also on some special subvarieties of X^q. 

As it follows from the definition of XIq C X^q, this space is birational the moduli space of 
their branched loci, i.e.: X^q is birational to the moduli space jFg of these K3~'^ Sio C P^, 
which are quadratic sections of the del Pezzo 3- fold Y^. As is shown by Mukai (see [Mu]), the 
general i^r3-surface C P^ can be embedded as a quadratic section of Y^, and - therefore - 
the space J^e is birational to the 19-dimensional quotient Symm}'^ C'^^Symm^ C^/PGL(2). 
In short, the projective moduli of S'lo C Y5 are the same as the quotient of | 0yg(2) |= P^^, 
by the group ^^^(^5) ^ PGL(2) (see e.g. [MU] - or [F], [PSl], [PS2]). In particular, X^^ is 
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of codimcnsion 3 in X^q. 

Let X[q be a general Gushel 3-fold. On the one hand, as one may expect, the general 
conic transformations, as well the general line transformations, should bring X[q outside 
XIq, but they must leave the birational images of X[q inside X^q. It is natural to assume 
that these orbits are 2-dimensional, i.e. - of the same dimension as the general birational 
orbits. On the other hand, as far as the author can judge, the subvariety jT/g of intermediate 
jacobians of Gushel 3-folds should be a divisor in the 20-fold J'^q = {j{X) : X G X^q}. One 
way to see this is to degenerate the general nodal Xio to a general nodal Gushel 3-fold. Then 
- see section N - the Pfaff hne becomes totally tangent to the determinantal sextic of the 
threefold, and one has to see that the 18-fold, of Prym varieties over general plane sextics 
with totally tangent line, is the same as the set of abelian parts of jacobians of general 
nodal Gushel 3-folds. Therefore, the "birational extension" Orbbir{X[Q) (of all birational 
images of Gushel's, in X^q) should be also a divisor in X^q, and the general birational orbit 
Orbbir{X[Q) C XiQ should intersect XIq in a finite number, say iV > 1, of points. 

If all this is true, then the integer N will be the same as the degree of the Griffiths map 
on XIq. The question is: N —1. 

(b). The exam,ple of Donagi. 

Turning to the examples of non-smooth Fano's, one can find the excellent example, due 
to Donagi, of a non-trivial fiber of the Griffiths map (see e.g. [G3]): 

The general fiber j~^{J, ©) of the Griffiths map j : VS' — > for quartic double solids 
with 6 nodes is a 32-sheeted covering of a cubic threefold Y3 defined uniquely by ( J, ©). 

* * * 

The author would like to thank to V.Iskovskikh and V.Shokurov - for introducing into 
the subject, to A.Verra and R.Donagi - for the numerous helpful conversations, and to 
S.Mukai - for the help in finding the group AutCW^). He is much obliged to A.Tikhomirov, 
D.Logachev, S.Hashin, and Ju.Prokhorov - for their results on Fano's, which inspired him 
to write this paper. 
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A. The prehomogeneous Fano fourfold W, 
and the moduh space Xiq. 

(A.O) Let < A; < n be inetegers, and let G{k + l,n + 1) = G{k + 1, C"+^) = G{k : 
n) = G{k : P") be the Grassmannian of A; + 1-dimensional subspaces C*^'*'-'^ C C""^-^ — the 
Grassmannian of projective /c-spaces P'^ = P(C''+^) C P(C"+^) = P". 

Denote by A'=+^ P" the projective space P(A*^+^ C"+^), Q < k < n. Let C"+i* be the 
dual space of C"+^, with respect to a pairing (., .) : C""*"^ x C""*"^ C; and denote by P"* 
the space P(C"+i*). 

Let P°(0) C P^(0) C ... C P" be a fixed fiag in P" = P'*(0). It is well-known (see e.g. 
[GH, §L5]) that the complex Schubert cycles (Ta,,...,au+, = (T„,,...,„,+,(pO(0), pi(0), P") = 
jrpfe ^ pn . pfc^p„_fc+j_„,|.Q^| > i - l,i = 0,...,A; + 1} C G{k : P''),n-k> ai > aa > 

... > fl/c+i, generate the integer homology of G{k : P"). Moreover, crai,...,as._|_i C G{k : P"-) is 
of real codimension 2(ai + ... + ak+i); and, in the homology ring H*{G{k : P"), Z), the cycles 
Cai,..,afe+i intersect each other by the formulae of Fieri and Giambelli ([GH, §1.5]). 

We shall use these formulae, as well the shorten notation of a Schubert cycle - in which 
we shall omit the entry P*^(0), if it imposes an empty condition on P*^, or if the cycle is 
considered to be in general position. 

Fix P^ and the Grassmannian G = G{1 : P^). The wedge-map P^ C P^ i— > P^ C 
A^ P^ defines the Pliicker embedding pl:G^F^:^ G(0 : A^ P^) = A^ Pi The isomorphic 
image G C P^ is a smooth 6-fold with a hyperplane section defined by the linear system 
I aifl I, and of degree 5 = deg af^. 

For a given 7-space P^ C P^ define l^(P^) := G D P^. The variety W(P'^) is a 4-fold, 
since G does not contain subspaces of dimension > 4; moreover deg W(P'^) = deg G = 5. 

Let T> — {P^ : W{P'^) is smooth }. It is well-known (see e.g. [Pr]) that all the fourfolds 
l^(P^) are projectively equivalent to each other; in fact, the same assertion follows from the 
uniqueness of the orbit representation of any smooth l^(P^) - see below. 

Therefore, the projective equivalency class of these smooth fourfolds defines the "unique" 
smooth fourfold W = W5 C P^ - the Fano 4-fold of degree 5 in P^. 

(A.l) The family of planes on the fourfold W^. 

The family of planes in ^(l : P^ = G C P^ has two components: 

(1) . the component of c-planes (73^i(x, P^) = {P"*" : x £ P"*" C P^} , where (x G P^) £ 
the flag variety F(0 : 3 : P^), and 

(2) . the component of p-planes (T2,2(P^) = {P^ : P^ C P^} , where P^ e G{2 : P^). 
Lemma. Let W = W5 = G CiP"^ C P'^ be the Fano fourfold of degree 5 in P^. Then: 

(i) . There exists a unique p-plane P^ — (72,2(P^(0)) = A^ P^(0), which he on W; 

(ii) . Let P^(0) C P^ be the "plane" of the unique p-plane Pi C W. The family of 
a-planes on W form a smooth rational 1-dimensional family {P^ = a3^i{x{t),P^{t))}. The 
family of their centers {x{t) G P"'}, sweeps out a smooth conic q{0) C P^(0) C P^, and the 
family of their "spaces" {P^{t) C P^} coincides with the pencil of P'^ — s, in P'^, through 

P2(0). 

(iii) . Let q{0) C P^(0) be the conic of centers from (ii), and let Qo C P^ be the conic of 
tangent lines to q{0) - the dual conic of q{0). 
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Let x{t) e g(0) he the center of the a-plane P|, let l{t) be the tangent hne to g(0) in 
P°(t), let Xt = A^/(t) G Qo be the corresponding point in go C C W, and let If be the 
tangent line to Qo in xt- Then the a-plane P^ = (J3,i(a;(t), P^(t)) intersects the unique p-plane 
p2 ^ ^2 p2(o) c W along the line k; 

(iv). Let Yg — U{P(} d W he the union of all the a-planes on W. Then is a 
hyperplane section of W - the unique effective divisor of the non-complete linear system 
\Ow{2)-2.Pl\. 

Remark. We will not write down here a proof (see e.g. [Pu]) of Lemma (A.l), since 
it will follow from the forthcoming coordinate study of 1^ - where one can point at to the 
p-plane, to the cr-planes on W, and also - to the special hyperplane section Yg CW (see e.g. 
(A. 2. 4) and thereafter). 

(A. 2) The coordinate representation of W . 

(A. 2.1) Denote by < M > C P" the projective-linear span of the subset M C P". Let 
{eo, 64} and {xq, ...,2:4} be a dual pair of bases of and C^*, with respect to the pairing 
(., .); i.e., in the notation (A.O), < eo, ...,64 >= P^, and < Xq, ...,^4 >= P^*. We call {ej} 
and {xi} also bases of P^ and of P^*. 

Then eij = Cj A ej = —Cj A Cj = — e^j, and {cij : < i < j < 4} is a base of A^P^ = P^; 
the same is true for x-ij = Xi A Xj, and for the base {xij : < j < j < 4}, of A^P"^*, which is 
naturally dual to {cij : < i < j < 4}. 

(A. 2. 2) Lemma. Let W — Gn'P'^ be the Fano A-fold of degree 5. Then one can choose 
the base vectors {ei,Xj) in such way that C P^ can be represented as the common set of 
zeros (the base space) of the pencil of hyperplane sections {H{t) — tQ.HQ-\-ti.Hi : (t) = {to : 
ti) G P^}, where 

Hq = Xqs — Xi4, Hi = Xo4 — X23- 

Proof. Since all the smooth l^(P^) are projectively equivalent to each other, it is 
sufficient to prove that the intersection G H {Hq = Hi = 0) is smooth, q.e.d. 

(A.2.3) Remark. Let ^ //"(A^P^, 0(1)) ^ Skew{C^,C^*), H ^ H he the natural 
linear isomorphism between the space i7°(A^P^, C(l)) = (A^ C^)*, of hyperplane sections 
of A^P^, and the space of skew-hnear maps Skew{C^, C^*). 

Then the base space of the pencil < Hq.Hi >C P(A^ C^)* = A^P'^* will intersect 
smoothly the Grassmannian G iff all the elements of the pencil < Hq.Hi > are skew- 
symmetric maps of maximal rank (=4) (see e.g. [Put]). In coordinates {ei,Xj), all the 
elements hij{t), of the skew-symmetric matrix H{t) = {hij{t)), are zero, except /io3 = ~^30 = 

—hu = = to, ho4 = -hio = /i23 = -^32 = ^i, i-e. rank H{t) = 4,V(t) = {to : ti) G P^ 
Therefore W = G f] {Hq = Hi = 0) is smooth. 

(A. 2.4) The p-plane P^, and the conic of centers q{0)- 

In the notation of (A.2.3), the projective kernels x{t) — P{Ker H{t)) — {—toti : —tf : 
tl : : 0), sweep-out a smooth conic g(0), in the plane P^(0) :=< 60,61,62 > C P^ = 
P^(a;o : ... : 2:4). 

By the special choice of Hq and Hi, the space P^ = {Ho = Hi = 0) = < eoi, eoi, eyi, 693 + 
614, eo4 + 623,613,624,634 >. It is clear that the plane P\ =< 601,602,612 > = A^ P^(0) = 
A^ < 60, 61, 62 > is the unique p-plane on W (see Lemma (A.l)(i)). 
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It is not hard to see that the conic of kernels g(0) is the same as the conic of centers 
from Lemma (A.l)(ii). Now, (A.l)(iii) can be verified directly; and the hyperplane section 
Yo, from (A.5)(iv), isYo = Wn {X34 = 0) - see also the proof of (A. 5.1). 

(A.3) The group Aut G{1 : P^). 

The group Aut G{k : P") is well-known. It is naturally isomorphic either to Aut P" = 
PGL(n + l) - if n + 1 7^ 2{k + l), or Aut P" is a normal subgroup of index 2 in Aut G{k : P") 
- if n + 1 = 2(/e + 1) (see e.g. [M.J.Cowen, Proc.A.M.S.,106:l(1989),99-106], [W.Kaup, 
Math.Z.,144(1975),75-96] ). 

In fact, G{k : P") = G{k + l,n + 1) = the homogeneous space GL{n + l)/GL{k + 
1) X GL{n — k), and either the automorphism group of G{k + l,n + 1) is isomorphic to 
P{GL(n + 1)) = PGL(n + 1), or k + 1 = n — 1 and the isomorphism - between the factors 
of the group at the quotient - generate an additional involution in G{k + 1, n + 1) (see e.g. 
[W.L.Chow,Ann.of Math.,50(1949),32-67]). 

Let, in particular, G — G{1 : P^); and let, as usual, P^ be the projectivization of the 
vector space C^. 

The natural isomorphism : Aut P^ Aut G is the projectivization of the linear map 
A A'^ A, A & GL{5) = Aut{C^), defined on the decomposable bivectors u A v. in C'''\ by: 

A {u Av) = A{u) A A{v). Since G coincides with the projectivization of the variety of 
decomposable bivectors, A^ A is an automorphism of G. The statement is that these A^ A 
are the automorphisms of G. 

(A. 4) The group of projective automorphisms Aut o{W). 

We shall find the group Auto{W) of these biregular automorphisms of W which are 
induced by automorphisms of G D W. 
(A. 4.1) By definition, 

Auto{W) = {a e Aut P^ : 3a' e Aut G ^ G{1 : P^) s.t. a = a\^}. 
Fix the bases {ei,Xj) as in lemma (A. 2. 2). In particular, 

(1) . P^ = (a;o3 - xu = xo4 = 2:23 = = < Vi := eoi,V2 := eoi,t'3 := 612, t'4 := 
eo3 + ei4, V5 := eo4 + 623, := 613, Vj := 624, Vs := 634 >. 

As it follows from (A.3), Auto{W) is naturally embedded in Aut P^ = PGL(5), and 

(2) . AutoiW) ^{Ae Aut P^:A^ A (P^) = P^} = 

{A = {Oij) e PGL(5) : AM(t;i)o3 - A^A{vi)u = A'^(^^i)o4 - ^^A{vi)23 = 0,i = 1, ...,8}. 

(3) . In the coordinates (ej,Xj), 

A'^{A) = A'^{aki) : ^o<k<i<4{aikaji - auajkjeki- 

The substitution of (3) in (2) gives a system of 16 quadratic equations for the elements 
au of ^4 - two equations for any base vector Vi of P^. 
In order to solve this system, we use the following 

(A. 4. 2) Lemma. The group Auto{W) C PGL(5) is a subgroup of the parabohc group 
St < 60,61,62 >C PGL(5). 

Proof. According to (A. 2. 4), the plane P^ =< 601,602,612 > = A^ < 60,61,62 > is the 
unique p-plane in W. Since the elements of Auto{W) are projective-hnear maps of P^ D W, 
they leave invariant the set V of planes on W. According to lemma (A.l), V = C U P 
is a disjoint union of a smooth rational curve G - representing the family of cr-planes on 
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W, and a point P - representing the unique p-plane on W. Therefore, any element a of 
Auto{W) defines an automorphism of V = C U P, i.e., a must leave the point P and the 
curve C invariant. Since a = A'^ A, for some A e PGL(5), the canonical isomorphism 
< 60,61,62 >— < 60,61,62 > gives that A must leave the plane < 60,61,62 > invariant 
whenever A leaves the plane < eoi, 602, 612 > invariant q.e.d. 
(A. 4. 3) Coordinate description of Aut„(W) . 

Now, the system of quadratic equations (A.4.1)(2)-(3), for the elements a^j of A G 
Auto{W) C PGL(5), can be easily solved: 

In the coordinates {ei,Xj), the (5 x 5)-matrix A takes the form 

mod.C*, where : 




and we can let det{G) — ad — be — 1; 

ad + be ae bd 

X = X.Symm^iG), A e C*, where Symm^{G) = I 2ab a^ b^ 



2ed c2 d? 



and the 2 x 3-matrix 



^30 '^40 

U = \ 031 a4i 

0^32 0^42 

lies in the 4-space C^(G), defined by the condition: A^74(634) e P^, for — 634, i.e.: 
(*)• 

A^A(634)o3-A^A(634)i4 = (030043-033040) - (031044-034041) = 6030-0040-^031+6041 = 0, 

A^A(e34)o4-A^A(e34)23 = (a3oa44-a34a4o)-(a32a43-a33«42) = (^030-6040-6032+0042 = 0. 
(A.4.4) Denote the matrix A^l^ \.Symm\G) ^ ^ by A = (A, U, G). 



Proposition. The group Auto{W) is an extension of PGL(2) by the seniidirect product 
(*). 1 ^ > ^ AutoiW) ^ 0, 

where G„j is the multiphcative group of C, G^ is the additive group of the complex 
4-space, and: 

(a). The induced, by the matrix multiphcation in GL{5), action of the multiphcative 
subgroup Gm — {[A] := (A, 0; E2) : A e C*} C Auto{W), on the additive subgroup 
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Gt^{[u\v\x\y] :^{1,E2;U), U 



U —V \ 

i4l 



V X 

y u / 



: {u,v,x,y) e C } 



is: [X] : [u \ V \ X \ y]) [X.u \ X.v \ X.x \ X.y]; 
(b). In the notation of (a): 

(b.l). The multiphcative product, in C Auto{W), induced by the matrix multiphca- 
tion in GL{5), is: [Ai] . [A2] = [A1.A2], 

(b.2). The additive product, in C Autfj{W), induced by the matrix multiplication in 
GL{5), is: [ui \vi\xi\ yi] . [u2 \ V2 \ X2 \ 1/2] = [ui.U2 \ V1.V2 \ X1.X2 \ yi-y2]- 

Proof. Straightforward. 

For example, equations (A.4.3)(*) imply that A = (aij) = {1,E2;U) G Auto{W), i.e., 
^4 G G^ C AutoiW), iff a^Q + 042 = + ctai — 0, i.e. iffU has the form prescribed in (a). 
(A.5) The orUts of Auto{W) on W. 

(A. 5.0) As it follows from the proof of lemma (A. 4. 2), the action of AutoiW) on W must 
leave invariant the unique p-plane =< eoi, 602, 612 >C W, as well - the P^-family {P^ } 

of (T-planes on W . Since the a-plancs on W sweep out the special hyperplane section of 
W (see (A.l)), AutoiW) leaves the threefold Yo G W invariant. It can be also seen that the 
special conic Qo is also an /lMto(M/)-invariant subvariety of W (see below). In fact, we shall 
prove more: the subsets W — Yg, Yo — Pl, P^, and Qo are orbits of the action of Auto{W) on 
W. 

Let V G W. Denote by Orb v CW the orbit of v, under the action of the group Auto{W), 

i.e.: 

Orb V = {a{v) : a G Auto{W)}. 

(A.5.1) Proposition. Let W = GnP\ G ^ G{1 : P^) c P^ = P^, P^ = {xqs-xm = 
xo4 — X23 — 0) be the coordinate representation of the Fano fourfold W — W5 C P^. Let P^ 
and {Pf} be the unique p-plane and the pencil of a -planes on W, let Yo — U{P^} D P^ be 
the special hyperplane section ofW, and let Qo C P^ be the special conic on W (see (A.l)). 
Then, in the coordinates (ei.Xj) from (A.2.2): 

(1) . P^ =< eoi,eo2,ei2 >, and: 

- the conic Qo C P^(xoi : X02 '■ X12) has the equation: Qo — (x^2 — 4.XoiXo2 = 0); 

- the hyperplane section Yo (ZW is defined by: Yo — (X34 = 0). 

(2) . The disjoint union 

W = {W-Yo)U (Yo - Pi) U Pi) U qo 

coincides with the orbit stratification ofW, under the action of the group Auto{W). 
In particular, W — Yo — Orb 634, Yo — Pl — Orb 613, PI — Qo — Orb €12, and Qo — Orb 602- 
Proof. The proposition will be proved, if we show that the orbits of 634, 613, 612, 602, and 
the corresponding subsets in (2) coincide. 
To begin with, we shall find Orb 634. 

Lemma. The stabihzer St — St{e34) C Auto{W) coincides with the extension 
(**). l^Grri^ St ^PGL{2)^0, 
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induced by restriction from (A.4.4)(*), on the subgroup = > {(1,0; £^2)} C 
Gm > G^, i.e., in the notation from (A. 4. 4), i.e.: 

St{e34) = {(A, 0; G) : A e C*, G e PGL(2)} =: G^ PGL(2). 

Proof. Straightforward. 

As it follows from the lemma. 

Orb 634 = C^(e34) = [u \ v \ x \ y] (634) : {{u,v,x,y) E C^, 

where the action of [-u | f | a; | on 634 is induced by the action of Auto{W) on - i.e. 
- by the 2-nd wedge product of the matrix multiplication in GL{5). 
Since 



[u\v\x\y] (634) = 

(v^ - ux).eoi + {vy - m^) .602 + {uv -xy).ei2 + v. (cqs + Cm) - u. (eo4 + 623) - 2^.613 + 27.624 + 634, 
where (u,v,x,y)e C^. 

Therefore Orb 634 — W — (^34 = 0) - since the coefficient at 634 is always non-zero. 

Clearly, the action of the 4-dimensional additive group C^, on the 4-dimensional orbit 
Orb 634, is transitive. Therefore the complement W — Orb 6^4 = W (1 {xs4 = 0) G W can 
be the only Auto{W) invariant threefold in W. However, there is already one Auto{W)- 
invariant threefold in 1^ - the special hyperplane section Yg — (the union of cr-planes on W) . 
Therefore Y^^WD (^34 = 0). 

The orbits of 613 eYo — P^, 612 G P^, and 692 G Qo can be found in a similar way. 

For example, the action of Auto{W), on the orbit of any v G P^, is reduced to the action 
of Auto{W) on the invariant plane P^ =< Cqi, 692, 612 >. In particular. 

Orb ei2 = Auto{W){eoi) = Symm'^ (PGL(2)) (coi) = 

{A^ Symm'^ G (612) : G e PGL(2)} = {-a&.coi +cci.eo2 + (arf+fcc)-ei2 : ad-bc = 1}/C*, 
where a = 033, 6 = 043, c = 034, d = 044 are the coefficients of the matrix G; and we have let 
ad-bc= 1, since PGL(2) = PSL(2). 

Therefore, Orb 612 = {—ab : cd : ad + be) : ad — be ^ = — {XI2 — 4:.XqiXq2 = 0), 

since {ad + bcY — 4:.{—ab).ed = {ad — 6c)^, which is always 7^ for G e PGL(2). 

In fact, the group Symrm? PGL(2), which carries out the action of Auto(W) on P^, 
is the same as the projective orthogonal group PSO(3) attached to the quadratic form 
Qo — ^12 ~ 4.a;oia;o2- Therefore, the reduced action of Auto{W) on P^ has two orbits: 



Now, it is not hard to see that the conic {Qq = 0) coincides with the special conic qo C P^. 
It is enough to see that Qo C P^ is 74iito(VF)-invariant, since our PSO(3) has {Qo — 0) as its 
unique invariant conic. 

According to the proof of (A. 4. 2), the action of AutoiW)., on W ^ induces an action on the 
rational pencil of a-planes on PF, as well ~ an action on the conic g(0) C< cq, Ci, 62 >C P^, 
which g(0) is swept-out by their vertices (see (A.l)). Since Qo d < 69,61,62 > is, in fact, 
the same as the dual conic to q{0), Qo is also invariant. 



[u\v \ x\ y] (634) = A^(l, E2] U) (634), where U 




, then: 




{Qo = 0), and {Qo = 0). 
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In addition, the action of Auto{W) on Qo is transitive, since the action of its restriction 
PSO(3) = PSO(3,Qo), on Qo = {Qo = 0) is transitive, q.e.d. 

It follows from (A. 5.1) that W contains a dense Auto{W)-oihit, e.g. - the orbit of 634. 
That is, W is a prehomogeneous space under the action of Auto{W) (see e.g. [M.Sato, 
T.Kimura, Nagoya Math. J., 65 (1977), 1-155], or [Gua]). In particular, 1^ is a closure of 
the quotient space Orb^e^^) = Aut^CW)/ {G,n PGL(2)), and any biregular automorphism 
of W is induced by a multiplication by a fixed element of Auto{W). 

This implies the following: 

(A. 5. 2) CoroIIeiry. Let Aut{W) be the group of biregular automorphisms of the Fano 
i-fold W^WsC Then Aut{W) = Auto{W). 
(A. 6) The moduli space Xio of Xiq. 
(A. 6.0) Definition of Xiq. 

As is known, (see (I-O)), any non-hyperelliptic Fano threefold Xiq of degree 10 is a 
complete intersections of G = G{1 : P^) C P^ by a supspace and a quadric. Moreover, 
if the intersection G n P^ is smooth, then G n P^ is projectively equivalent to the unique 
smooth Fano 4- fold W = W^; i.e., the general Xiq is an effective divisor of the linear system 
I (9^(2) |. This justifies the choice to let: 

XiQ := {X,Q C W}/ ^ 

be the moduli space of Fano 3-folds of degree 10, where = denotes the congruence relation 
induced by the biregular equivalence of threefolds. 

(A. 6.1) Lemma. The general Xiq has no non-trivial biregular automorphisms, i.e. 

Aut XiQ = {id]. 

Proof. Let F be the automorphism group of the general Xiq. Then F will be a subgroup 
of Aut XiQ for any X^q. In particular, let Xiq = Xio(O) be a general intersection of W and a 
reducible quadric Q(0) — H' + H" , i.e. - H' and H" are two hyperplanes in P^ - in general 
position. Therefore Xio(O) = y' U Y" , where Y' f\ H', Y" ^ W D H". In particular, 

Aut {Y' U Y") D F. 

Since H' and H' are general, Y' and Y" are projectively equivalent to the unique smooth 
Fano threefold Y ^ Y5 C (see e.g. [Isk], [MU], [PSl], [FN]). As is well-known that the 
action of Aut Y^ stratifies Y^ into a disjoint union of 3 orbits: 

Y, = {Y,-So)U{So-Co)UCo, 

where Co is a special rational normal sextic on Y^, and So is a special quadratic section 
of I5; So coincides with the union of the tangent lines of Cg. Moreover, the restriction 
Aut Y5 — > Aut Co = PGL(2) is an isomorphism (ibid.) 

Let S5 — Y' (1 Y" be the intersection of the components of Xiq{0). Since H' and H" 
are general, S^ is a smooth del Pezzo surface of degree 5, embedded anticanonically in 
Pi = H' n H". Let the "flags" F' := C'^ C S'^ C F', and F" := C'^ C S'^ C Y" be the 
copies of F := Co C So C I5, on Y' and Y", and let a G Aut {Y' U Y"). Then: either a 
interchanges F' and F", or a acts trivially on the pair [F', F"). Moreover, a must leave the 
intersection S^ — Y'f] Y" invariant. 

In particular, let {x^} = {x[,...,x'q} = C H S5, and {x'^} = {x'l, ...,x'q} = C" D S5. 
Then: either a interchanges the 6-tuples {x\} and {x\}, or a leaves each of them invariant 
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- depending on the action of a on the pair (F', F"\ 

In either of the two possible cases, a defines, by restriction, an automorphism cto of the 
curve Co — P^- Let {x'^^} C Co and {x'^o} C Co be the copies of the 6-tuples {x'j} C C'^ and 
{x'-} C C'^, on Co- Therefore: either cKq interchanges {x'^^} and {x'l^}, or cto leaves either 
of them invariant. However, the general choice of H' and H' imphes that {x'^j and {x-'}, 
are general hyperplane sections of the rational normal sextics C and C". Therefore {x'^^} 
and {x'-^}, are general hyperplane sections (i.e. - general 6-tuples of points) of Co = P^. 
Therefore, ao G PGL(2) can be only the identity of PGL(2). This implies that a does not 
interchange F' and F", i.e. a\Y' C Aut Y', and a\Y" C Aut Y' . Moreover, a\Y' = idy, and 
Q/|y// = idy/' - since a\c' — id, and a\c" — id - see above, q.e.d. 

(A. 6. 2) Corollary. Let Aut{W) = Auto{W) be the 8-dimensional automorphism group 
of the Fano A-fold W = W5 C P"^ (see (A.5.2)), and let Xio =\ Cvk(2) | /= be the moduh 
space of (non-hypereUiptic) Fano 3-folds of degree 10. Then the moduh space Xiq is birational 
to the 22-dimensional quotient space Xiq =| Ow{2) \ /Auto(W). 
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L. Line-transformations. 
(L.O) Let X = XiQ G Xiq be general. In this section we prove tliat tlie general line 
/ C X defines a birational isomorphism (3i : X ^ Xi, where Xi e A'iq. It will follow from the 
forthcoming that: 

(i) . Xi is not biregular to X (see section F); 

(ii) . the map Pi is "involutive" , i.e., the pair {X,l) defines uniquely a line I (Z Xi such 

that X = PiiXi); 

(iii) . X and Xi have the same intermediate jacobian. 

In particular, (i),(ii), and (iii) imply that the map P : T{X) — > Xiq, P : I ^ Xi defines 
generically an embedding of the curve of lines T{X) into the fiber j~^{j{X)) of the Griffiths 
intermediate jacobian map j : Xiq — >■ Jiq. 

The description of the map Pi is based on the existence of a special D-flop p, over the 
image of the projection of X from /. The discourse repeats in many ways the modern 
translation of the double projection from a line (see [Isk6],[Isk7]); however, the difference 
between line transformations and double projections, reflects in the special choice of the 
divisor D defining p. Note that, in our particular situation, the double projection from I 
contracts X to a point. 

(L.l) The 1- dimensional family of lines T{X). 

(L.1.1) Lemma. Let X — Xiq C he general, and let F = F(X) be the family of lines 
onX. Then: 

(i) . F is a smooth irreducible curve (of genus 71); 

(ii) . Let / G F be general. Then the normal bundle Ni\x — Opi{~l) © Opi; 

(iii) . Let I G F be general. Then there are exactly 11 lines li, ...,lu on X which intersect 
I, k^l,l<i< 11. 

(L.l. 2) Remcirk. The statement from (iii) is well-known (see e.g. [Pu], or 
[D.Markushevich, Math. USSR - Sbornik, 44(2), (1981), 239-260]). 

Part (ii) will be a direct corollary from general results about lines on Fano 3-folds of 
index 1 - provided (i) is true, esp. - if one proves that F is a smooth curve (see e.g. [Isk6, 
Prop.7.5]). 

Part (i) will be true, if one knows the same for some particular smooth deformations 
of XiQ, in an appropriate compactification of Xiq. Such kind of smooth deformation from 
the general Xio is the Gushel 3-fold X[q - the double covering of the smooth Fano 3-fold 
F5 = G{2, 5) nP®, branched along an intersection of F5 and a quadric (see e.g. [Gus]). Now, 
the fact that F is a smooth irreducible curve for the general Gushel 3-fold, has been proved 
in [ni2]. This implies (i). 

(L.2) The projection from a general line I C X. 

(L.2.1) Notation. 

Let I G X = Xio be a general line (in particular Ni\x = 0-pi{—l) © O-pi). Let Hx 
be the hyperplane section of X, and let tt; : X — > X" be the rational map defined by the 
non-complete linear system | Hx — l |, i.e. tt; is the projection from I. Let ai : X' ^ X he the 
blow-up of I, and let L' = L'^ = cr~^(/) C X' be the exceptional divisor of (Tf, in particular, the 
ruled surface L'^ is isomorphic to Fi = P(C>pi(-l) © Opi). Denote by H' ^ H'^^ H^- V 
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the proper preimage of the hyperplane section Hx D ^, = (^*{Hx)- Let tt; : X' X" be 
the composition tt' = tt o cr^. Clearly, 7r[ = (pH', where 4>h' : ^ (| H'x |)* (| Hx — L' \)* 
is the map defined by the linear system of H'x on X' . 
(L.2.2) Lemma (see [Isk6, ch.8]). 

(i) . The image X" C is a singular intersection of a quadric and a cubic; and the only- 
singularities of X" are the 11 isolated normal singular points Xi - the projections of the 11 
lines /j, 2 = 1, ...,11 which intersect I (see (L.l)); 

(ii) . The map tt'i = 4>h' is regular ( = a morphism), i.e. (pH' is a resolution of the 
projection tti; 

(iii) . Denote the proper ai-preimages of the lines h, by l[, Then the the 
morphism cpH' is an isomorphism outside the codim.2-cycle ![ U ... U l'^, and (pH' contracts l[ 

to the point Xi, i = 

(L.3) The surface M'x C X'. 

Let X — XiQ and I C X, L' — L'x — etc. be as above. 

(L.3.1) Proposition. There exists a unique effective divisor M'x e| H'x — L'x \ — 

I Hx — 2L^ I , and M'x is the proper preimage of the surface 

Mx = (the closure of) U{C - a curve on X : degC = 3,Pa{C) = 0, #(C fl /) = 2}; i.e., 
Mx is the union of twisted cubics on X intersecting twice the line I. 

(L.3. 2) Remcirks. 

(a) . - see [Iskl]. The threefold Xio belongs to the hst of Fano threefolds of index 

r = 1, and of the 1-st series: X2g-2 C P^"*"^, 6 < g < 12, g 11. Here g is the genus and 
d = 2g — 2 is the degree of the threefold. In particular, if X = Xiq. i.e. g = Q, the existence 
of Mx - the unique element of the system | Hx — 2.1 \ follows from the general equality 
h°{Hx2g-2 ~ 2-0 = g — Q (see [Isk6],[Isk7]). In fact, the description of Mx presented below, 
proves both - the existence and the uniqueness of such a surface. 

(b) . Clearly, any twisted cubic C G X which intersects twice / (if such a curve on X 
exists) must lie on Mx, since C.Mx = C.{Hx - 21) = deg{C) - 2.#(C n /) = -1. 

Here we give an alternative proof of the lemma, based on (b), and on the geometry of the 
Grassmannian G{2, 5) D X = Xiq. This will be of use for the description of the properties 
of the "line" transformation. 

Proof of (L.3.1). = A description of Mx- 

Being a line on X C ^(1 : P^), / corresponds to a fixed Schubert cycle of lines A C P^: 
l = (^3,2{xi, Pf) = {X : xi e X <Z Pf}. Here Pf C P^ is the "plane" of the Grassmann line 
and xi e P;^ is the "center" of /. 

Let Yo C X he the special hyperplane section of X = Xio (see section A). The (general) 
line / intersects Yo in a unique point A;, which does not lie on the special conic Qo C Yo (see 
section C). Since, outside qo, Yo is a disjoint union of the ci-conics on X (see section C), 
there exists a unique ci-conic qi G X which passes through A^, and qi can be considered to be 
nonsingular - because of the generality of the choice of /. Let yi be the center of the cr-conic 
Qi, i.e. - yi is the vertex of the quadratic cone Gr{qi) — U{A e ^(1 : P^) : A e qi\. Clearly, 
(1). yi ^ xi - since yi e qo, and (2). e P^ - since the line Xi — iHqi must pass through 
both centers xi and yi. 
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Consider the line pencil I = (73,2(2/;, Pf) C G{1 : P^). Clearly, I does not lie on X. Indeed, 
the center yi of I is the same as the center of qi, qi is non-singular, and the only elements of 
the cycle as,o{yi) n X (of lines in P^, which pass through Yi, and which belong to X) must 
be elements of the cr-conic qf. otherwise X — W^CiQ must contain the plane a3fi{yi) fl W5. 

Let A e I be general. Now, by the elementary Schubert calculus on X = 2.((7i,o)^, we 
obtain that the 1-cycle Cx — a"2,o(A) r\X — {^^X: ^DX^ 0} is a projectively normal 
connected and reduced curve, and Cx has invariants pa = 2, deg = 6. However, / and qi 
must be always components of Cx- Indeed: (1). A e I lies in P^^, therefore any element of / 
intersects A; (2). yi e A, therefore any element of qi intersects A - in y^. 

Therefore, deg{Cx) — deg{Cx) — deg{qi) — deg{l) — 3. The curve Cx must be projective 
normal, since X - being an intersection of quadrics - does not contain plane cubics; and 
the general X docs not contain planes - since rank Pic(X) = 1. Now, by using similar 
arguments as above, one can see that Cx intersects twice /. 

The same result can be derived, if we use the pencil of P^ — s through the plane Pf. 
Indeed, let P^(A) be an element of the pencil of hyperplanes in P^ which pass through P^. 
Then the elementary considerations from the Schubert calculus on G{2, 5) imply that the 
curve C*(A) = (Ji,i(P^(A)).X =(Ti, 1.2(0-1,0)'^ is a quartic of arithmetical genus 1. In our case, 
/ is always a component of C(A). Therefore the curve C(A) := C(A) — / is a twisted cubic 
on X which must intersect twice the residue component I. 

It is also not hard to see that any twisted cubic C C X which intersect / twice must be 
one of the pencil {Cx '■ A el}. 

Moreover, if C = Ca is such a curve, then any element /x G C must intersect the plane 
P^ - since fi intersects A C Pf . Therefore the surface Mx C X lies in the special hyperplane 
section Hi = ai^o{Pf) D X. Since rank Pic(X) = 1, Mx and Hi must coincide. Since the 
Schubert cycle aifi{Pi) C G{2, 5) is tangent to G(2, 5) along the plane Pf , the hyperplane 
section Mx = Hi belongs to the linear system | Hx — 2.1 \. Clearly, Mx is the only effective 
divisor in this linear system, since any other effective divisor in it must contain the pencil of 
curves {Ca}. The proper preimage M'x of Mx is the only element of the system | H'x — L'x \ 
^\H*x- 2L'x \. q.e.d. 

(L.4) The linear system \ 2Hx — | . 

(L.4.1) It can be immediately seen that the linear system | 2Hx — | = | 2Hx — L'^ \ 
is nonempty. Indeed, let m'x be the section which defines M'x. Then, after tensoring by m'x, 
one obtains the natural embedding = H°[H'x) c| 2H'x — L'x \. Clearly, any such section 
defines reducible divisors, and any reducible divisor of the last system is defined by a section 
of this form. 

(L.4.2) Proposition. h°{2H'x - L'x) > 8. 

Proof. The linear system | H'x \ defines the morphism (pH' = t^'i '■ X' X" , where 
X" C P^ is an intersection of a quadric and a cubic (sec (L.2.2)(i)). The kernel K of the 
natural map ip : H" [H'x) — > H°[2H'x) is 1-dimensional - it is spanned on the only quadric 
which passes through X" . Therefore, dim.H°{2H'x) > dim.'il){S'^{H°{H'x - L'x))) = 20. 

Consider the sequence 

(*). 0^2H'x-L'x^ 2H'x ^ 2H'x\^, ^ 
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Let s' be the (— l)-section, and /' be the fiber of the surface L'x = Fi. It can be seen 
(see [Isk6, (8.3)]) that = s' + 2f'. Now, the inequahty h"{2H'x) > 20, and (*) imply: 

h"{2H'x - L'x) > h°{2H^) - h°{2s' + 4/') > 20 - 12 = 8. q.e.d. 

(L.4.3) Proposition. The linear system \ 2H'x — L' \ has no fixed component, and the 
base set of \ 2Hx — L' \ coincides with the exceptional set U{/-} of n'l = (f)H'- 

Proof, (see [Isk6, ch.8.]), where the same is proved for the system | H'x — L'x \ = \ 
Hx — 2L'x |, defining the double projection from the general line I C X — ^2g-2 C P^"*"^, 

7<g<12,g^ll. 

(L.4.4) Remark. Note that - in our case - one has g = Q. Therefore h°{Hx — 2L'x) = 
g — b — 1, and H°{Hx — 2L'x) = C.m'x, where m'x is the section defining M'x; i.e. the double 
projection contracts Xio to a point. Anyway, "the triple quadratic projection" - defined by 
the system | 2Hx — | - is nontrivial. We shall see that the linear system | 2H'x — L'x \ 
defines a birational map X' ^ Xi, where Xi e Xiq. 

(L.5) The D'-flop X' ^ X+ . 

(L.5.1). Shortly about flops and extremal rays. 

(A) . Definition. 

FLOP: Let tt' : X' — > X" be a birational morphism from the smooth 3- fold X' to the 
normal 3-fold X" such that: 

(a'), the exceptional set of (pH' = tt' is a union of 1-dimensional cycles l'^ C X' intersecting 
trivially the anticanonical class —Kx', i.e. {—Kx')-l'i = 0,V?'; 

(b'). the morphism tt' is indecomposable, i.e. tt' cannot be represented as a composition 
of morphisms n' : X' ^ Z ^ X" , X' ^ Z ^ X" , Z - normal. 

The birational map p : X' — > X+ is called a flop (over X") if 

(1) . p is an isomorphism outside codimension 2; 

(2) . the composition 7r+ := o tt' : X+ — >■ X" has the properties 
(a"*") := (a'), after replacing the sign ' by 

(6"*") := (6'), after replacing the sign ' by 

D'-FLOP. Let, moreover, D' be an effective divisor on X' , such that 
(c'). D'./,:<0,Vi; 

and let be the proper preimage of D' , on X"*". 

Then the flop 0' is called a D'-fiop (over X"), if has the property 

(c+). D'.lj > 0,Vi. 

(B) . Existence of D'-flops [K]. 

Let X be a smooth 3-fold, let X" be a normal 3-fold, let tt' : X ^ X" be a birational 
morphism with the properties (a') and (b'), and let D' be any effective divisor on X' with 
the property (c'). Then a D' flop always exists, and any sequence of D'-flops is finite. 

(C) . Denote by = the numerical equivalence of cycles on the n-fold X, and - by [C] - the 
numerical equivalence class of the cycle C. If C is effective, then - with a probable abuse of 
the notation - we denote by [C] also the set of effective cycles on X which are numerically 
equivalent to C. 
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The real space N{X) = {1 — cycles on X}/= ®z R is finite-dimensional, and the integer 
p{X) = dim{N{X)) is called the Picard number of X. Let NE{X) be the closure of the 
convex cone NE[X) C N{X) spanned on the effective 1-cycles on X. 

The half-line R — R+.[C] is called an extremal ray if R is an extremal ray of the cone 
WEiX), and -Kx.C > 0. 

The rational curve C G X is called extremal if < —Kx-C < dim{X) -\- 1, and R — 
R+.[C] is an extremal ray on X. 

The extremal ray R = R+.[C] is called numerically effective if CD > for any effective 
divisor D on X. 

(D) . The cone theorem [Mo]. Let NEk{X) = {C e WE{X) : Kx-C > 0}. 

Then, for any extremal ray R on X , there exists an extremal curve C on X such that 
[C] e N{X) - WEk^X) and R = R+.[C]. Moreover, WE^X) is spanned on WEk{X) and 
on the set {R} of extremal rays on X; and {R} is discrete outside NEk{X). 

(E) . Let [C] e N{X). We call the numerically effective divisor D a supporting function 
of [C] if D.C = 0. 

In particular the numerically effective divisor D is a supporting function for any [C] of 
the set = {[C] e N{X) : CD = 0}. 

(F) . Contraction of an extremal ray (see [Mo]) Any extremal ray R on X defines a 
morphism (pji : X Y , where Y is a normal variety, such that: 

for any irreducible curve C C X, (f)R{C) is a point iff [C] e R. 

Moreover, for any extremal ray R there exists a supporting function D such that D^ fl 
NEiX) = R. 
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(L.5.2) The D' -flop px ■ X' ^ X+ . 

Let D' be any effective divisor linearly equivalent to 2if^ — L'x- 

It follows from (L.2.2)(ii) that the morphism tt^' = (pH' '■ X' — > X" is an isomorphism 
outside the 1-dimensional cycle Ui=i,...,ii/^. 
Moreover, 

Kx'A = {-H'x)A = {-H*x + L'x) A = -deg.{k) + = 1-1 = 0; D' .l[ = {2H'x - 

L'x) A = -1- 

Therefore, there exists a D'-fiop px '■ X' ^ X'^, over X" (see above). 

Let Hx, Mx, Dx, etc., be the proper px-images of H'x, M'x, D', etc. 

(L.5.3) Proposition. Let C" = C X' (X- fixed) be any ruling of M'x - tlie proper 

ai-prcimagc of the twisted cubic C\, ^{C\.l) = 2; and let C X~^ be the proper px-image 
of C Let (j)' := (j)H', at.nd let 0"*" = p'^ o cj)' : X" be as above. Then C+ is an extremal 

rational curve on X~^. 

Let [C+j be the class of effective 1-cycles on X'^ numerically equivalent to C+, and let 
R :— R+.[C+] be the extremal ray generated by [C'^]. Then the set of elements of [C+J 
coincides with the pencil {C^} of rulings of Mx- In particular, the extremal morphism 
(f)R : X~^ Y - defined by R - contracts the rulings of Mx to the points of a smooth 
rational curve 1 gY. 

Proof. 

Let C+ be any of the effective 1-cycles C^; let C be the proper px-image of C+, and let 
C C X be the (Jrimage of C. 

Since o"; is a sigma-process along /, the anticanonical class —Kx' = Hx — L'x = H'x', 
in particular —Kx' is effective. Then - since px '■ X' ^ X~^ is an isomorphism outside 
codimension 2 - the anticanonical class —Kx+ is also effective, and —Kx+ — Hx ( = the 
direct px-image of H'x) - see above. 

It is not hard to see that the rulings are numerically equivalent on X'^. In fact, 
rk Pic(X) = 2, and we have to compute the intersections of and any two generators of 
Pic(X+). For example, Pic(X+) = Z.Hj^ + Z.Lj^, and: 

(1) . = C',.L'x = #(Ca./) = 2, and 

(2) . = C',.H'x = C',.{H*x - L'x) = deg{C) - #{C.l) = 3-2 = 1, VC+. 

Moreover, 

(3) . Mx-Cx = {H'x — L'x)~^.C^ = 1 — 2 = — 1; therefore the numerical equivalence class 
[C]"*" and the pencil {C^} coincide. 

Let [C+j be the class of C^, ant let R — R+.[C"'"]. We shall see that R is an extremal 
ray, and the divisor is a supporting function for C"^. 

Let C = C'x be irreducible. Then C does not intersect the exceptional set U{Z-}. There- 
fore, does not intersect U{/j^}. 

Let C be reducible. Then, as it follows from the definition of the projection tt;, C has 
the form C = C'^ := q'i + I'i = {qi + h)' where Qi G X is the unique conic which intersects / 
and If, the conic is the unique involutive of the degenerate conic / -|- li (see section C). 

On the one hand: M'^.C^ = M'x-C = {H*x-2L'x).C' ^ deg{C)-2.4{l.C) ^ 3-2.2 = -1, 
D'.li — —1; therefore D'.q'- — (here C stands for the general C'^). 
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On the other hand: M+.C+ = D+.C+ (see (1),(2),(3)), and M+.C+ = M^.C" = -1 
(since the general C does not intersect U{/-}, and the flop p'x is an isomorphism outside 
U{/-}). Moreover, both q'^ and /■ he on M^. 

Next, 

C+ = {qi + hy = qt + lT, and = (//+-L+)i+ = {D+-H+).ir = + 

= .If + Kx+-lf > 0, by the properties (a"*") and (c"*") of the studied D'-flop. Therefore 
If does not he on M^; clearly, C Mx- Therefore, 

(4) . Mx C is a (non-degenerate) ruled surface over the rational base {A} of the 
pencil {Ca}; and the general Cf is the general fiber of Mx- 

We shall see that the ray R — R''".[C+] is extremal. 

The property (4) implies that the ray R — H+.[C'^] is an extremal ray the geometric 
cone NE{X). Moreover, 

(5) . < -Kx+.C+ = l<A = dimX+ + l. 
Indeed, —Kx+ = , and H'^.C^ — 1 (see above). 

Properties (4) and (5) imply that C+ C X+ is an extremal rational curve, i.e. R — 
R_i_.[C"'"] is an extremal ray. 

We shall see that the effective divisor is a supporting function for the extremal ray 
R. The first is to see that: 

(6) . The effective divisor = (2-f^x ^ ^x)^ is numerically effective (nef). 

Remark. The verification of (6) is based on the same argument used for the nef-ness for 
the divisor Df = (H'x — L'x)~^ defining the double projection from the general line I C X2g-2, 
7 <g <12,g^ll (see [Isk6. ch.8]): 

On the one hand, (L.4.3) implies that D' is nef outside its base set U{/^} of X' — > X" 
Therefore, the fiop-ed divisor is nef outside its base set ^{If}- 

On the other hand, D^.lf > 0, by the properties of the D'-Hop px- Therefore D'^ is nef. 

The second is to see that is a supporting function for the general = Cf. 

One has: = D'.C = {2H'x - L'x).C' = {2H^ - 3L^).C" = 2.deg{C) - 3.^{C.l) 

= 2.3 - 3.2 = 0. Therefore R = R+.[C+] C {D+)^. 

It is also not hard to see that any irreducible and reduced 1-cycle Z on X'^ such that 
= must be one of the curves Cf. Therefore 

(7) . R = R+.[C+] = (£)+)-'-, i.e. the nef divisor D+ is a supporting function for the 
extremal ray R. 

Let (pR : X^ Xi := Y he the extremal morphism defined by the extremal ray R. By 
definition, 4>r contracts the elements of the numerically equivalence class R = R+.[C"'"] = 
(£)+)-*-, and (f)ji contracts no other irreducible curves on Now, the property (3) implies 
that, in fact, contracts the ruled surface Mx to a rational curve 1 (Z Y — Xi. 

(L.5.4) The triple quadratic projection (3i. 

Corollary. The threefold Y comcides with the image Xi of X' , under the map j3[ defined 
hy the linear system \ 2H'x — L'x \ = \ 2Hx — 3L^ | ( = the image of X, under the map (3i 
defined hy the system \ 2Hx — 3Z \). 
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(L.6) The involutive property of Pi. 

Theorem. Denote by 0i : X ^ Xi = Y the birational map defined by \ 2Hx — 3l \- Then 
Xi e A'lo, the curve I G Y = Xi is a line on Xi, and the inverse map : Y = Xi ^ X 

coincides with the map (3j : Y ^ Yj defined by the system \ 2Hy — 3.1 | (Hy being the 
hyperplane section ofY e Xio). 

Proof. It follows from the properties of the extremal morphism (f)R that rk Pic(y) = 
rk Pic(X+) — 1 = rk Pic(X') — 1 = rk Pic(X) = 1, since the flop preserves rfcPic and 
CT; : X' X is a cr-process. Moreover, since (pu : X^ — > F is a blow-down of the ruled 
surface to a curve on the smooth 3-fold Y (see [Mo]), 0J^(-i^:y) = -Kx+ + ^ 

Hj, + {Ht - m = Dt. 

In particular, —Ky is nef. Moreover, —Ky is big since its preimage is big (since 
the extremal morphism pR is defined by a multiple of its supporting function Dj, and 
dim{Image{pR)) = 3. Therefore F is a smooth Fano 3-fold of the 1^*'* specie (see I): 
rank Pic = 1. 

Next, Z.H^ + Z.M^ = Pic{X+) = Pic(y) + M^; the first identity refiects the same 
identity for X', and the second one follows from the properties of the cr-process pn — aj. 
Moreover, Hx = —Kx+ and Kx+ = p*ji{Ky) + Mx (see above). 

Therefore Pic(F) is spanned on —Ky as a Z-module, i.e. F is a Fano 3-fold of index 1. 

In particular deg{Y) = {—KyY. 

In order to compute {—KyY we need to state some identities for the intersections of 
divisors on X' and X^ . 

(1). In Pic(X') = Z.H*x + Z.L'x the following identities hold: 
{H^xf = 10, {H*xf.L'x = 0, H*x.{L'xf = -1, (L'xf = 1. 

Proof of (1). The first identity is obvious, since {H*xf = deg{ai).{Hxf = 1.10 = 10. The 
next three identities are properties of the cr-process cr^ (see e.g. [Yu.Manin, Uspehi Matem. 
Nauk.,24:5 (1969), 3-86]). For example, {L'^f = -Ci{Niix) = -deg{0{-l)®0) = 1 (ibid.). 
In particular, since -Kx' = {-Kx)* - L'x = - L'x, and M'x ^ - 2L^: 

(2'). Pic(X') = Z.{-Kx] + Z.M'x and 

{-Kx'f = m - L'xf = 6, {-Kx'f.M'x = 3, -Kx'.{M'xf = -2, (M^)^ = -10. 
(L.6.1) Lemma. In Pic(X+) = Z.{-Kx+) + Z.M^ the following identities hold: 

(2+). i^Kx+r = 6, i-Kx^r.M+ = 3, -Kx^.{M^r = -2, {M+f = 1. 
Proof. The flop px '■ X' ^ X~^ is an isomorphism outside the 1-dimensional exceptional 
sets U{/^} and U{/^}. This implies the first three identities. 

(L.6. 2) Remcirk. Description of the D'-flop px- 

In order to explain the difference between the 4-th identity in (2') and the 4-th identity 
in (2''"), we remember that the set {/^} has 11 elements - the proper preimages of the 11 
lines on X /i, which intersect (and not coincide with) /. 

The D^-fiop Px '■ X' ^ X^ can be described as follows: 

(a). Blowing-up of all the 11 exceptional curves Z-,i = l,...,ll: 

a' := ^i=\,...,iiCFii, : X ^ X'. 
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Since / C X is general, k are general. In particular Ni^\x = © O, and (since k 

intersects the center / of the cr-process ai) the normal sheaf Nii\x' = C>{~1) © 0{—l). 

Therefore the exceptional divisor Lj = a'{Q is a quadric, and a' contracts one of the 
rulings of Lj, say //, onto Let be the 2-nd ruling of Lj. It is standard that defines 
an extremal ray Ri on X, and the extremal morphism p^. contracts the P^-family {fi'}- 

Let = Ili=i,...,uPBr Now, the following is obvious: 

(b) . The composition o"+o(cr')~^ is a D^-fiop (above X"); and we can let px '■— a^o[a')~^. 
In particular, contracts Lj to the curve If. 

It is also easy to see that 

(c) . lf.Kx+ — 0, If.Dx = +1 > 0, and {UZj^}j=i,...ii is the exceptional set of the 
morphism X~^ X" . 

In particular, the 0-cycle (M+)'^ is a union of the proper image of the 0-cycle (M')^ (of 
degree —10) and the 11 points of intersection Zi = If.Mx^i = 1,...,11, i.e., deg{Mx)^ — 
— 10 + 11 = 1. Next we give a direct proof of this equahty. 

For proving 4-th identity in (2+), we use the fact that M\ is a ruled surface over a 
rational curve. Therefore {Km+)'^ = 8 (always). Now, by adjunction, 
Km+ = {Kx+ + M+)|^+. Therefore 

8 = {Km+Y = {Kx+f.M+ + 2Kx+.{M+f + {M+f = 3 + 2.2 + {M+f. Therefore 
{M+f = 1. q.e.d. 

End of the proof of Theorem (L.6). 
Now, we can compute deg(Y): 

deg{Y) = {-Kyf = {-Kx+ + M+f = M+.{-Kx+ + M+f = 
{-Kx+f + 2M+.{-Kx+f + {-Kx+).{M+f = 6 + 2.3 - 2 = 10. 
This proves that the threefold X^.^Y ^ (3i{X) e Xiq. 
We shall compute deg(l): 

deg(l) = {-Ky)~1 = {-Kx+ + M+).{M+ .{-Kx+) = {-Kx+f.M+ + {-Kx+).{M+f = 
3 — 2 = 1, i.e. / is a line on y = Xi. 

The second equality in the deduction probably needs some comments. In fact, we can re- 
place the 1-cycle I on y by the intersection M+ .[—Kx+) on X+ , because the anticanonical di- 
visor —Kx+ intersects the ruled surface M+ along a 1-section - the intersection A1+ .{—Kx+)j 
and this gives a lifting of the intersection on Y to an intersection on X+ . In order to see that 
M+ .{—Kx+) is a section of M+ we have only to see that C+ .{—Kx+) = 1 for the general 
fiber C+ = C\ of M+ . This is easy to be computed: 

C+.{-Kx+) = C+.H+ = (since C+ is general) = C .H'x = C .{H*x - L'x) = deg{C) - 
^{C.l) = 3 — 2 = 1 (here C C X is the (T;-image of the proper px-preimage C of C+). 

We have seen that the pair (X, /) : X G A'lo, I — a general line on X defines uniquely a 
pair (X; = y, I), (X; G Xiq.I — a line on X^, such that: 

(i, — >•) X; = A(X) = the image of X under the rational map I3i defined by the non- 
complete hnear system | 2Hx — 3Z | (- the "triple quadratic projection" from l); 

(ii, — *^). I is the /?/-image of the surface Mx swept out by the pencil of twisted cubics 
C C X intersecting twice I. 
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After obvious change of notation, we claim that 

(ii, <— ). / = the Pj-image of the surface which is swept out by the pencil of twisted 
cubics C (Z Xi which intersect twice I, i.e. the rational map (3j sends Xi exactly to the initial 
threefold X, and (A)"^ 

However, we have already proved this: the description of the D'-fiop from the last remark 
is the same if we read it beginning from X/ := X+ and ending by Xj^ := X'. Moreover, the 
inverse (A)~^ begins, just as Pi, with the blow-up of a line - the line I G Xi, and ends with 
the blow-down to a line - the line I C X. (In particular, this proves also that I is a general 
line on Xi.) q.e.d. 
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C. Conic-transformations. 

(CO) In this section we sliow tliat tlie general pair (X, q) : X E Xio, q a conic on X 
defines uniquely another pair {Xq, q) : Xq E Xio, g - a conic on Xg. In particular, Xq = aq{X) 
for some well-defined birational map aq : X ^ Xq. In fact, aq coincides with the "quadruple 
cubic projection" from q C X defined by the system | 3Hx — ^q \ {Hx - the hyperplane 
section of X C P^). 

Moreover, the correspondence (X, g) {Xq,q) possesses a kind of involutive property - 
the pair defined by the same way by {Xq,q) coincides with (X, q). In particular, X coincides 
with the birational image of Xq under the "quadruple cubic projection" from q (Z Xq. 

The study is based on the same arguments as those in section L. This makes it possible to 
leave out the obviously identical considerations, and only to mark out the specific differences 
between the line transformations and the conic transformations. 

(C.l) The Fano surface J^{X) of conies on X E A'iq. 

(C.1.0) Preliminaries. 

Let X — XiQ C W5 C be, as usual, a general smooth Fano threefold of index 1 and 
of degree 10. The family of conies on X, 

JF(X) := (the closure of) {q G X : q — an irreducible reduced 1-cycle ,deg{q) = 2} 

has been studied in [Pu], and - in more detail - in [L]; sec also [Ilil] - where J-'{Xio) is 
studied together with the 3- fold family of twisted cubics on Xio, or [IhS] - where one can 
find a study of the conies on the Gushel threefold X[q (see (I.O), (I.l)). 

Special conies on Xiq. 

Let g C X be a smooth conic on X. Since the threefold X is embedded in the Grass- 
mannian G{2, 5), one can consider g as a conic on G{2, 5). 

Let Gr{q) := U{X}xeq be the union of lines A C P^ which are points of g C G(2, 5). From 
this point of view, the conies on G{2, 5) can be separated into 3 types: 

r-conics: Gr{q) = Q{q) is a smooth quadratic surface, and the elements A of g are the 
elements of one of the two rulings of Q{q)', 

cr-conics: Gr{q) = G{q) is a quadratic cone, and the elements A of g are the elements of 
the ruling of C(g); 

p-conics: Gr{q) — P^(g) is a plane, and the elements A of g are the tangent lines of a 
fixed conic g(0) C P^(g). 

This notation can be applied, via degeneration, also to reducible conies - sum of two 
lines, and to non-reduced conies - double lines. It is not hard to see that some of these 
degenerate conies can belong to more than one of the three types: e.g., if g = 2/ then g is a 
(7-conic, as well - a p-conic. 

(C.1.1) Lemma. Let T — T{X) be the family of conies - the Fano surface - of the 
general X G Xiq. Then: 

(i) . JF is a smooth algebraic surface of general type (and of irregularity 10 = dimA\h{S) 
— dim J{X) ). The base family {qt} of a-conics on X is a smooth rational rational curve 
on J-'{X); and there exist exactly one p-conic qg on X. Moreover, the a-conics sweep out a 
hyperplane section So C X; and (if X is general then) the p-conic q^ is smooth. 

(ii) . The general conic g C X is a smooth r-conic, with a normal bundle Nq^x ^ 0®0. 
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(iii). Let q G X be general (csp., q is a r-conic). Then there exist: 

- exactly one r-conic q <Z X which intersects q in 2 points. 
Definition. We call q the involutive conic of q; 

- exactly two a-conics on X, say qi and q2 which intersect q; moreover qi and q^ intersect 
the involutive conic q; 

- exactly 20 lines /i, Z20 on X which intersect q. 
(C.1.2) Remarks. 

(1) . For a proof of (C. 1.1) - sec [Pu], [L]; or [Ili3] - where similar result has been proved 
for the Fano surface of the hyperelliptic Fano threefold X[q. In particular, the Albanese 
variety of J^{Xio) is 10-dimensional, since the Abel-Jacobi map Alb T{X) — > J{X) is an 
isomorphism (see [L] and [Ili3]), and dim J{X) = h^''^(X) — 10 (sec section I). 

(2) . Let X = W n Q he a representation of X as a quadratic section of the fourfold 
W = Concerning the cr-conics qt G X, and the p-conic qo G X, these conies arc obtained 
as intersections of the cr-planes P|, and the p-plane on W, with the quadric Q (see (A.l), 
and thereafter). 

(C.2) The projection from a general conic q G X. 
(C.2.1) Notation. 

Let q e ^{X) be a general conic on X. In particular, g is a smooth r-conic, and 
Nq\x = 0®0. Let TTq-. X ^ X" be the projection of X from q. Let aq-. X' ^ Xhe the blow- 
up of q, and let Q'x = (7rq)~^(g) C X' be the exceptional divisor Q'x = 'P{Nq\x) = x 
of (jq. Let Hx be the hyperplane section of X, let H*x = (t*{Hx), and let H'x = H*x ~ Q'x 
be the proper preimage of if g| Hx — q \- Since the rational projection vr^ is defined by 
the system | Hx — q \, the map tt^ = tt^ o Ug : X' — >• X" is defined by the proper preimage 
\H'x\ = \H*x-Q'x\oi\Hx-q\. 

(C.2. 2) Lemma. Let Oq, TTg — nqO Oq, Hx, H'x, k, qi, q2, q, etc., be as above. Then: 

(i) . the projection X" G P^ is a quartic threeold with a finite number of isolated normal 
singular points: the images Xi of the 20 lines U which intersect q, the image z of the involutive 
conic q, and the images yi and 1/2 of the two a-conics qi and q2 which intersect q (and q); 

(ii) . the map ir'q = Hq o aq = (j)H' ■ X' — > X", defined by \ H'x \, is a resolution of the 
projection TTq, i.e. tt^ is regular (— a morphism); 

(iii) . the regular map vr^ : X' — > X" is an isomorphism, outside the 1-dimensional set 
Ui=i,...,2o^i U U ^2 U q' , where I'l, q' are the proper Uq-preimages of h, q. 

(C.3) The surface M^. 

(C.3.1) Proposition. There exists a unique effective divisor M'x, in the linear system 
I 2H'x — Q'x I — I 2i?^ — SQ'x |; and M'x G X' is the proper Oq-preimage of the surface 
Mx = (the closure of) U{C G X : C is an effective irreducible and reduced smooth 1- 
cycle on X : deg{C) = 4,^{C.q) = 3}; that is, Mx is the union of twisted quartics on X 
which intersect q in 3 points. Moreover, the set of all these quartics form a rational pencil 
{Ct : t G P^} with only degenerations: the 20 curves k -\- Ci,i = 1, ...,20, and the 2 curves 
qi-\- q,i — 1,2; here Ci G X is the twisted cubic involutive to the (degenerate) twisted cubic 
q + kGX - see (C.3.3), or [Ilil]. 

Proof of (C.3.1). 
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(C.3.2) Existence =4> uniqueness. 

Assume the existence of (at least one) effective divisor M'x g| 2H'x — Q'x I = I Hx — 'iQ'x I) 
and let Mx = aq{M'x) G | 2Hx — '2>q \ be the image of M'x- Let C C X be (if exists) a twisted 
quartic intersecting g in 3 points. Then C.Mx = 2.deg{C) — 3.#(C.g) = —1. Therefore C 
must lie on Mx- This implies the uniqueness of Mx provided the system | 2if^ — Q'x \ is 
non-empty, and the union of twisted quartics intersecting in 3 points is at least a surface 
on X- 

Description of Mx = Proof of {C -3-1)- 

Being general in J-'{X), g is a r-conic. In particular Q{q) = Gr{q) = U{A C : A e 5} 
is a smooth quadratic surface in P^, and the family {A C P^ : A e g} coincides with one of 

the two rulings of Q{q), say A. 

Let A = {A} be the second ruling of Q{q), and let A G A. 

Then the Schubert calculus, on X = 2.(T2,o(A) C G(2,5), show that the curve C(A) — 
(72,o(A).X, must be projectively normal, of degree 6, and of arithmetical genus 2. The conic 
q is always a component of C{X) . Therefore, the residue curve C(A) — C{X) — q must be a 
twisted quartic intersecting the conic q in three points. 

Now, the description of the pencil {C((A)} shows that the surface Mx '-= U{C(A)} C X 
belongs to the complete linear system 2Hx- Indeed, Mx is a section of X with the special 
quadratic section Qq := {/x G G(2, 5) : the line /i intersects the quadratic surface Q{q) C P^ 
of G(2,5)}. 

Moreover, Mx passes through q with a multiplicity (at least) 3. In fact, let m := 
multg{Mx), and let M'x be the proper (Xg-preimagc of Mx- Then M'x = 2Hx — rri-Q'x, and 
M'x is swept out by the pencil of proper preimages C"(A) of the curves C(A). Therefore 
C'(X)-M'x = C'(\).{2H*x - m-Q'x) = 2-deg{C(\) - m-#{C_(X)-q) = 8 - 3m. Moreover, the 
number 8 — 3m must be non-positive, since the curve C"(A) hes on M'x- Therefore m > 3. 
In particular Mx g| 2Hx — m-q |c| 2Hx — 3.g | . 

In order to see that m = 3, we can use either the considerations in [Isk6, ch.8] - involving 
the multiplicity of M'x{l) g| H'x — L'x \ by considering the adjoint sequences defined by 
adding of L'x, or to use a degeneration argument as follows: 

Assume that g = Zi -1-/2 is a sum of two lines. Since m > 3, the uniqueness of the already 
existing effective divisor Mx{q) g| 2Hx — fTi-q \ follows from the same argument as in (L.L2). 
Moreover, we know that the line /j defines the unique divisor Mx{h) G| Hx — 2./j \, i = 1, 2. 
Clearly, Mx{h) passes through I2 (with multiplicity 1: Otherwise the uniqueness of Mx{h) 
and Mxih) imphes that this multiplicity will be 2, and Mx{li) = Mxih)- In particular, the 
ruhngs of Mx{li) and Mxih) must coincide, i.e. any twisted cubic C on X which intersects 
twice h will intersect twice I2- The last is impossible by the construction of the pencils of 
these cubics: the residue components of the singular elliptic quartics (Ti,i(P^).X D /j, for 
p3 ^ p2(/.)^ i = 1^2. Therefore, any P^ which passes through P^(/i) must pass through 
P^(/2), i.e. the planes P^(/i) and P^(/2), of li and I2, must coincide. Therefore q = h + 12 is 
a p-conic on X- However, there exists unique p-conic qo C X, and qo is smooth (see (C.1.1)) 
- contradiction. Therefore 

Mxih) + Mxik) G| Hx - 2-h -kl + \ Hx- 2.^2 - h \ c\ 2Hx - 3-{h + k) |, and 
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the multiplicity 3 is exact. Now the uniqueness of Mx{h + h) implies that Mx{h + h) = 
Mx{h) + Mxih) ■ Therefore m = 3, since the integer multiplicity 3 of the special conic /1 + /2, 
in Mx{h + h), cannot be less than the multiplicity m of the general conic q in Mx{q)- 
(C.3.3) The involutions between conies ([PuJ,[L]), and between twisted cubics on Xiq 

([nil]). 

Let g be a conic on X = Xiq, q 7^ q^. Then < Gr{q) > is a 3-space C P^. The 
Schubert cycle ai i(P^) intersects X along a singular projectively normal elliptic quartic 
E = El, and g is a component of E. The involutive conic q is the residue q = E — q. It is 
not hard to see that: (1). if g is a r-conic, then q is also r-conic; (2). if q is any cr-conic, 
then q is the unique p-conic qo- 

Let C be a general twisted cubic on X. Then - see [Ilil] - there exists a line A C P^, s.t. 
C C cr2,oA n X (i.e. all the elements of C, being lines in P'^, intersect the line A. The cycle 
<^2,o{^) n X is a singular projectively normal curve of degree 6, and of arithmetical genus 2. 
The involutive twisted cubic C is the residue C — cr2,o(A) f] X — C. 

(C.4) The linear system \ 3H'x - Q'x \ ^ \ ^H'^ - ^Q'x \ ■ 

(C.4.1) The following statements are the analogs of (L.4.2), (L.4.3). 

(C.4.2) Proposition. /i°(3i/^ - Q'x) > 8. 

(C.4. 3) Proposition. The linear system \ 3H'x — Q'x \ has no hxed components, and 
no base points - outside the 1-dimensional set Z'^ U ... U /20 U U ^2 U q' 
(C.5) The D'x-flop X' ^X+. 

(C.5.1) The following statements (C5.*) for conic transformations, are the analogs of 
the statements (L.5.*) for line transformations. 

(C.5. 2) Let D'x be an effective divisor, linearly equivalent to SH'x — Q'x- Then there 
exists a D'x- flop px ■ X' ^ over X". 

(C.5. 3) Proposition. Let C — C'{\) C Mx be the proper preimage of the general 
rational quartic C(A) which intersects q in 3 points, and let C Mx be the proper px- 
image of C. Then the rational curve C X^ is extremal, and the (effective) elements 
of the class [C"*"] are the elements of the pencil {C^{X)}; i.e. the extremal morphism (pR : 
X^ -^Y —: Xq, defined by the extremal ray R — R+.[C"'"], contracts the rulings of and 
no other irreducible curves on X'^. 

The proof of (C.5. 3) is the same as the proof of (L.5.3). In particular, the effective divisor 
Dx = {^H'x ~ Q'x)^ is a supporting function for the elements of the extremal ray R, and 
R = {Dx)'^ - see the equality (7) in the proof of (L.5.3). 

(C.5. 4) The quadruple cubic projection ag. 

The following is the analog of (L.5.4): 

Corollary. The threefold Y = pij(X+) coincides with the image Xq of X' under the 
map a'q defined by the linear system \ 3H'x — Q'x \ = | 3i7^ — 4:Q'x \ ( = the image of X 
under the map dehned by the system \ 3Hx — 4.g \). 

(C.6) The involutive property of aq. 

Theorem. Denote by aq : X ^ Xq — Y the birational map defined by the system 
I 3Hx — 4.g |. Then Xq G Xiq, the curve q — pr{Mx) is a conic on Xq, and the inverse map 
(ctg)"^ : Y — Xq —>■ X coincides with the map a-q : Xq — Y ^ Yq defined by the system 
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I 3Hy — 4:.q I ( Hy being the hyperplane section of F G Xio). 

Proof. The proof of (C.6) is similar to the proof of (L.6) - up to the change of notation, 
up to the integers in the analogs of the equalities (L.6)(l) — (2') — (2+), and up to the 
differences of the (unnecessary) description of the flop attached to the conic transformation. 

Here we write down these differences: 

In Pic(X') = Z.H* + Z.Q' = Z.{-Kx') + Z.M' , the following analogs of (L.6)(1)-(L.6)(2') 
hold: 

(1). {H*Y = 10, {H*f.Q' = 0, H*.{Q'f = -2, (Q'f = 0(= c,{Ng^x). 
(2'). -Kx' = H', and 

l-K'xf = 4, i-Kx'f.M' = 4, {-Kx').{M'f = -2, {M'f = -28. 
(C.6.1) Lemma. In Pic{X+) = Z.{-Kx+) + Z.M+ the foUowing analog of (L.6){2+) 
holds: 

(2+). i-Kx+r = 4, i-Kx^y.M+ = 4, {-Kx+).iM+f) = -2, {M+f = 0. 

On the base of (1),(2'),(2+) we prove that deg{Y) = 10, deg{q) = 2: 

deg{Y) = 2g{Y) - 2 = (-Xy)^ = {-Kx+ + M+f = {-Kx+f + 3.(-Xx+)2.M+ + 
2,.{-Kx+).{M+f + {M+f = 4 + 3.4 + 3.(-2) + = 10; 

deg{q) = {-Ky-iq) = {-Kx+ + M+).{M+ .{-Kx+) - {-Kx+f .M+ + {-Kx+.{M+f = 
4+ (-2) = 2; 

that is Xq-.— Y^ A'lo, and q = pr[M^) is a conic on y = Xq. 
(C.6. 2) Description of the D'-flop px- 

Just as in (L.5.2), one can describe a D' flop (over the quartic X") px '■ X' rightarrowX^ 
for the effective divisor D' e | 2H'x — "iQ'x I • 

(a) . Blow-up the 20 exceptional curves Z^, ~ the (disjoint) proper preimages of the 
20 hues li, Z20 which intersect the conic q: cr" = ^i=i,...,2Qcri'. ■ X"- — > X'] 

(b) . Blow-up the proper preimage q^ C X"" of the involutive conic q: = cXg : X^ — > Xa; 

(c) . Blow-up of the (disjoint) proper preimages q\ C X^ and C X'^ of the two cr-conics 
qi and q2 which intersect q (and q): = cr^b o a^b : X^ X^ . 

Since q is general, the lines /j, the involutive conic g, and the two cr-conics q\ and ^2 can 
be considered as general lines, conic, and cr-conics on X. 

In particular, Ni^\x = 0{-\)®0, i = 1, 20, N~q^x = OeO, and Nq.^x = 0(-l)©0(l), 
i = l,2. 

The base set q of (jg intersects simply each of U and g^, and g intersects twice g. Therefore 
iV;qx' = 0(-l)®0(-l), ^ = 1, ...,20, N^\x' = 0(-l)®0(-l), andiV,..|x' = 0(-l)®0, 
J = 1 '2. 

In particular, the components L" = (cr") ^(Z-) of the exceptional divisor of cr" are iso- 
morphic to smooth quadrics. 

The base set l[U ...U /20 of o"" is disjoint from q', q[, and q!^. Therefore 
Nqa^xa = C(-l) © C(-l), and N^a^xa = 0{-l) ®0,j = 1, 2. 

In particular, the exceptional divisor = (cr'')"^(g") is isomorphic to a smooth quadric. 
The base set g" of intersects simply g" and Therefore 
7V,.|;,.=0(-1)®0(-1), j = l,2. 
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In particular, the components = ((T'^)~^(gf|) of the exceptional divisor of a'^ are iso- 
morphic to smooth quadrics. 

(d) . Blow-down the two disjoint quadrics Q\ and Q2 along their rulings which are 
transversal to the rulings defining the cr-processes Ugi, and a^^. a'^^ : X'^ — > X^'^ . 

Let, — o-'^~^{Qj){j = 1,2), and let (as usual) {*y~^ be the proper a-'^^-image of the 
cycle {*Y on X'^. 

It is not hard to see that the proper image Q*^"*" of the quadric is a quadric. 

(e) . Blow-down the quadric Q'^^ along the fibering induced from the ruling which is 
transversal to the ruling defined by : X'^'^ — > X"-~^. In the obvious notation (see (d)), 
the surfaces L""^ became quadrics. 

(f) . Blow-down all the Lf'^ (just as in (d) and (e)): 

. ^ X+. 

Now, it is easy to check that all the intersections of and the curves l^, g^, and 
are positive. Moreover, {—Kx+) intersects trivially any of these curves, i.e. the composition 
p — (7"+ o o (7^+ o 0-'^ o (7^ o cr" is a D' flop over X". 
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N. Nodal Xio. 

(N.O) In this section we find the general fiber of the Griffiths map j, which contain a 
nodal Xio- This will be used in the next section, to describe the general fiber of the Griffiths 
intermediate jacobian map for general Fano threefolds of degree 10. 

(N.l) The projection from the node of Xiq. 

(N.1.0) Let X = Xio = n Q C be a general nodal Fano 3-fold of degree 10, and 
let o be the node of X . 

Let (Jo : X' — i> X be the blow-up of o, and let Q' = ((To)~^(o) be the exceptional quadric 
of (7o. Obviously, the composition tt^ = tTo o : X' — > X" is defined by the linear system 
I H' \^ H* — Q', where H' ^ H* — Q' is the proper preimage of the hyperplane section H of 
X through the node o. 

Denote by H" and Q" the images of H' and Q' on X". Clearly, H" is a hyperplane section 
of X", and any hyperplane section of X" can be represented in this way. 

It is standard that the restriction of tt' on Q' is an isomorphism; i.e., the surface Q" is a 
smooth quadratic surface on X". 

The following lemma is an analog of (L.2.2) and (C.2.2): 

(N.1.1) Lemma. 

(i) . There are exactly 6 lines /i, /g on X C P'' which pass through the node a. 

(ii) . The map tt' : X' — > X" is regular, and n' is an isomorphism outside the 1 dimensional 
set U{Z^ : i — 1, 6} where l[ is the proper Uo-preimage of the line k, i — 1, 6. 

(iii) . The threefold X" is a singular Fano threefold of degree 8 which is a complete 
intersection of three quadrics in P^. 

(iv) . The only singularities ofY arc the 6 isolated points x" = 7r'(/0 = the projections 
of the 6 lines k C X which pass through o, and all these points lie on the quadric Q" C X". 

Proof. 

(i). Any Fano threefold of the I"''* specie, which has degree 10 and index 1, can be 
represented as an intersection of the cone C(W^) C P^ (over W) with a hyperplane H and 
a quadric Q (see [Gus]). In this setting, the Gushel threefold Xfg is a smooth projective 
degeneration of the non-hypereUiptic Xio, inside C{W): 

Xfo = C{W) n H n Q - s.t. the hyperplane H passes through the vertex v of the cone 
C{W) (ibid.). 

The projection, from the vertex v of the cone C{W), defines a natural double covering 
/ : Xfo Y, where Y = C P^ is the Fano threefold of index 2 and of degree 5 - see 
[Iskl]. The branch locus S of / is an intersection of Y and a quadric in P^. Clearly, Xfo has 
a node iff the branch locus B e| Oy(2) | has a node. Moreover, the number of fines on the 
general nodal Xfo which pass through the node of Xfo is the same as the number of lines 
on the general nodal Xio which pass through the node of Xio ^ since Xfo is a projective 
degeneration of Xio, inside C{W). Now, the lines on Xfg are the components of the splitting 
/-preimages of lines on Y = Y^,. In particular, the lines through the node o of the nodal Xfo 
are the components of the /-preimages of the lines on Y which pass through the node p{o) 
of B. Now, the number of lines on Y5 through the general point p{o) G Ys is three (see e.g. 
[Iskl], [FN], [ni2]), and the /-preimage of any of these 3 fines is a sum of 2 fines through the 
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node o of Xfg. q.e.d.; 

(ii) . standard; 

(iii) . Let I = (Bd>o\d be the graded ideal of polynomial equations of the Grassmannian of 
lines in P^: G = G{2, 5) C 

Since G is an intersection of quadrics, I is generated by the component I2. 

Let P(l2) be the projectivization of the space I2. There exists a natural linear isomorphism 
P*^ P(l2): X ^ P/(P^/f ), where Pl{v) := Pfaff{P*/v) is the unique Pliicker quadric - 
the Pfaffian - of the projective 3-space P'^/v. 

The same is true for the graded ideal of 1^ = G n P^, and for the restrictions of the 
Pliicker quadrics on P^. In particular, if P^ C P^ be the hne representing the node o, then 
PI := Pl{Pl) is a projective line in PI2 = Pi 

Considered as a quadric in P^, the general element Pl{v),v G P^ is a quadric of rank 
6 with a vertex - the cr-space P'^(f ) = a3fi{v) of lines in P^ through the point v G P^. In 
particular, o G the vertex of Pl{v). The same is true for the restriction of Pl{v) to P^. 
Therefore the linear pencil of quadrics PI — {Pl{v) : v G P^} can be regarded as a pencil of 
quadrics in P^ - the projection of P^ through the node o. 

Let W" C P^ be the projection of 1^ = W^. It is easy to see that W" is a complete 
intersection of any two quadrics of the pencil PI, and X" C W". Therefore PI = P(l2(W")) C 
P(l2(X")), and PI is a line in the projective space P(l2)(X"). 

Moreover, as it follows from (i)-(ii), —Kx' = {—Kx)* — Q') = if' - since o is a double 
point of X, and —Kx" = 7v'^{—Kx') = H" <^ the regular map tt' is an isomorphism outside 
codimension 2. By construction, the divisor H" is a hyperplane section of X" . It follows that 
X" is a (singular) Fano threefold - of of degree 8 = deg{X) —multo{X), and X" C W", where 
the fourfold W" is an intersection of two quadrics. This imphes that X" is an intersection of 
three quadrics in P^, i.e. P{\2{X")) — P^. This is equivalent to the existence of a quadratic 
cone Q, such that sing{Q) = o, and X = W H Q. In particular, such a cone can be also 
regarded as a quadric in P^, and the plane P(l2(^")) is spanned on the line PI and on the 
quadric Q dP^; 

(iv) . standard. 
(N.1.2) Remark. 

In addition, we shall see that x" are ordinary double points (nodes) of X". 

Check-up. 

Let T : X ^ X' he the blow-up of the 6 exceptional curves l[, and let <Z X he 
the exceptional rational ruled surfaces. The composite map it = tt'^ o t : X ^ X" contracts 
Li to x'l- Since X is non-singular, tt is a resolution of X" , and the irreducibility of Lj shows 
that this resolution is minimal. 

Let multx'i^X") = rrii for some integers rrii > 2,i — 1,...,6. Therefore {—Kx) — 
Tf*{-Kx") - ^i=i,..^,6{S - mi).Li. 

The map r : X — >• X' . blows-up the smooth irreducible curves = 1,...,6 on the 
smooth 3-fold X'. Therefore {-K-^) = t*{-Kx') - ^i=i,...,6Li. Moreover, -Kx' = H', and 
—Kx" = H" = the proper image of H\ Therefore the first summand in the two expressions 
for —Kj^ coincide, hence Ej=i .. 6(3 — mj).Lj = Ej=i g-^i; i-©- ^^t.^ = 2, i = 1, 6. The double 
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points x'l arc ordinary nodes since the exceptional divisors are smooth and irreducible ruled 
surfaces (of degree 2 = mj) = smooth quadrics. q.e.d. 

(N.2) The double projection from the node a G Xiq. 

(N.2.1) The linear system \ H* - 2.Q' \ . 

It follows from (N.l) that any hyperplane section of H" of X" is a image of a unique 
effective divisor H' g| H* — Q'\, and the image of any such H' is a hyperplane section of X". 
Let, in particular, D" g| H" \ passes through the quadric Q", i.e. D" g| H" — Q" \. Then, 
by the same argument, D" is a proper image of a unique effective divisor D' & \ H' — 2.Q' |, 
and the 7r'-image of any such D' belongs to the system | H" — Q" | . The common image on 
X of these systems is the noncomplete linear system | H — 2.o \ of hyperplane sections of X 
which pass "twice" through the node o. In particular, | H — 2. a \ = \ H" — Q' \= P^, i.e. it 
determines a rational map p : X ^ P^. We shall see that p defines a birational conic bundle 
structure on X. 

(N.2. 2) Let D" g| H" — Q" \ be general, and let D' C X' be the proper preimage of 
D". Any component l^ lies on D', since I'^.D' = r^.{H* - 2Q') = deg k - 2.multo{li) = -1. 
Therefore n' : D' ^ D" is a contraction of the six (— l)-curvcs /• C D' to the points x'l, 
2 = 1, 6, and these six points lie on the 1-cycle C" = Q" ClD" . Now, the formal adjunction 
on the complete intersection divisor Q" + D" on the Fano threefold X", and arguments 
involving general position, imply: 

(i) . The general D" is a smooth del Pezzo surface of degree 6 embedded anticanonically 

in 

(ii) . The 1-cycle C" = Q" fl D" is an anticanonical curve on Q" and D" . In particular, 
C" is a (2, 2)-curve on Q" which pass through x'/, ■■■^x'^. Moreover: 

(iii) . The restriction map D" — > C" — D"q„ defines an isomorphism between the P^- 
systems | Oq„{{2, 2) - Ei=i,...,60 | and | H" - Q" |^| H* - 2.Q' \. 

(i),(ii), and (iii) imply: 

(N.2. 3) Proposition. The linear system \ H*—2Q' \ defines a rational map p' : X' ^ P^ 
without fixed components, and without fixed points outside the 1-dimensional exceptional 
set ofn': U{l[,i = 1,...,6}. 

(N.2.4) The D'-flop p:X'^X+. 

It follows from the (N.2.1)-(N.2.3) that the general element D' g| H*—2Q' \ is a smooth ir- 
reducible surface passing through U{/^, i = 1, 6}. Moreover, the map tt' is an isomorphism 
outside U{l'i,i = 1, ...,6}, and {-Kx')J'i = H'.l[ = H\l[ - Q'd[ = deg{l[) - multoili) = 0, 
D'.l[ = H*.l[ - 2Q'.l[ = -1< 0. 

Therefore - see (L.5) - there exists a iP'-fiop p : X' — > X^ over X" . 

In particular, let (*)"'" be the p-image of the cycle (*)' on X', and let U{/j^} be the 1- 
dimensional exceptional set of tt"*" : X^ X" . Then —Kx+-lf — 0, and .If > - by the 
properties of p. 

We can describe such a D'-flop: 

As it follows from Remark (N.1.2), the components Lj of the exceptional set of r : X ^ X' 
are smooth quadrics, and one can blow-down each of these 6 quadrics along the ruling 
transversal to this defined by r. One obtains the map : X ^ X^ . Now, it can be seen 
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directly that the composition p = r"*" o r : X' — is a D'-flop over X" . In particular, the 
components If of the exceptional set of p are the bases of the 6 cr-processes which define r"*", 
and D+.lf = 1 > 0,i = 1,...,6. 

(N.2.5) The double projection from a - a rational conic bundle structure on X. 

Let lo C be the hne representing the node o e X C G{2, 5). Consider the P^-family 
of spaces: V :— {P^ C P^ : C P^}. By the elementary Schubert calculus on X — 2{ai^oY, 
the map 

V ^ { 1-cycles on X}: P^ ^ n X, 

states an isomorphism between V and the family Ci[2\ of rational quartic curves C on X 
of arithmetical genus 1 which have double point in the node a. 

Let C G C4[2] and D' g| H* — 2Q' \ be general, and let C be the proper (Xo-preimage of 
C. Then D'.C = {H* - 2Q').C' = deg[c) - 2.mult^{C) = A- 2.2 = 0. This implies that the 
double projection from o contracts the curve C. Now, the following is the analog of (L.5.3) 
and (C.5.3): 

Proposition. The proper image C+ of the general C G Ci\2] is an extremal rational 
curve on X~^ defining the extremal ray R = R+.fC"^]. The general element of the numerical 
equivalence class [C~^] is the proper p-image of the general C , C G C^\2\, and the effective 
divisor = [H* — 2Q')~^ is a supporting function for the corresponding extremal morphism 

Moreover, (f)^ defines a standard (see e.g. [Isk4]) conic bundle structure p'^ := : X+ — > 
P^ on X~^ . In particular, the double projection from the node o G X - corresponding to the 
system \ H — 2.o \ - defines a rational conic bundle structure p : X ^ P^. 

Proof. = the same as the proofs of (L.5.3) and (C.5.3). 

It rests to be seen that pr is a conic bundle projection. According to [Mo], this is 
equivalent to see that R is an extremal ray "of type (CI)" := {dim.Image{pR) = 2, and 
{—Kx+)-C^ = 2). The 2- dimensionality of Image{(f)R) has been already established. As 
regards the equality, {-Kx+).C+ = H+ .C+ = H' .C = {H*-Q').C' = deg{C) -multo{C) = 
2. q.e.d. 

(N.2.6) The discriminant of p'^ . 

Let A = {x G P^ : the conic = {p'^)~^{x) is singular} be the discriminant curve of 
p"*", let A be the double discriminant curve - the curve of components of singular fibers of p^ , 
and let 7r : A ^ A be the induced double covering. Let (J, 0) be the principally polarized 
(p.p.) intermediate jacobian of X^ (= the abelian part of the jacobian J{X)), and let (P, 5) 
be the p.p. Prym variety of the pair (A, A). 

The varieties J and P are isomorphic as p.p. abehan varieties - see e.g. [Bl]. In 
particular, dim P = dim J = 9 - since X has one node, and /i^'^(Xio) = 10 for the general 
XiQ. Therefore, if one proves that deg A = 6, then A will be smooth. Indeed, if deg A = 6, 
then dim P < Pa(A) — 1 = 9, and the equality takes place iff A is smooth, and the double 
coveringTT : A — > A is unbranched. 

Proposition. The discriminant A of the conic bundle p"^ : X'^ — > P^ is a smooth plane 
sextic, and the induced double covering tt : A ^ A is unbranched. 

Proof. It is enough to see that deg A = 6 - see above. 
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Just as in the proof of (N.l.l)(i), it is enough to prove this equahty for the general nodal 
Gushcl threefold X', which is known by [1113] q.e.d. 
(N.3) Nodal Xio and plane sextics. 

(N.3.0) We shall see that the general plane sextic is a discriminant curve of the conic 
bundle structure p of a (non-unique) nodal X e Xiq. To that purpose, we prove that the 
set X". of projections X" of these X from their nodes, fills in the space Z of complete 
intersections of three quadrics containing a smooth quadratic surface, and that Z admits a 
natural surjective map to the space TZq of Beauville double coverings of plane sextics. 

This will imply the two-dimensionality of the general fiber of the Griffiths intermediate 
jacobian map j : Xiq — > ^iq. In addition, the discovered by A.Verra splitting of the fiber of 
the Prym map for TZq into two Beauville pairs, refiects in the splitting of the fiber of j into 
two irreducible components. 

(N.3.1) Let, as usual, X" C be the projection of the nodal X = Xiq through 
the node o. According to (N.1.1), X" is an intersection of three quadrics containing the 
smooth quadratic surface Q", and the 6 nodes x", i — 1, 6 of X" which he on Q". On the 
contrary, let Z be an intersection of three quadrics in containing a quadric Q and 6 nodes 
Zi,i = 1, ..,6 on Q. Then - as one can easily see - after blowing-up of Zi,i = 1, ...,6, and 
then blowing-down of the the obtained 6 exceptional quadrics along the appropriate rulings, 
one obtains a smooth threefold X', and a birational morphism tt' : X' — > Z, such that the 
restriction tt' : Q' — > Q is an isomorphism (here Q' is the proper preimage of Q) . Moreover, 
as one can easily check, the normal sheaf Nqi\x' — C'pixpi(— 1, —1), i-e. Q' is contractible. 
The blow-down of Q' defines a threefold X with a unique node. We shall see that: X is a 
nodal Fano threefold of degree 10. 

Sketch of proof . Since: 

(1) . X' — > Z is an isomorphism outside codimension 2, and 

(2) . —Kz = Hz is a hyperplane section of Z, 

then —Kx' = H' = the proper preimage of Hz- Moreover, Pic{X') — Z.H' + Z.Q'. 
Then, after the blow-down of Q': 

(3) . —Kx = H — the proper image of H', and 

(4) . Pic{X)^Z.{-Kx), 

i.e. X is a Fano 3-fold of index 1. 

Therefore, deg{X) = {-Kxf = {-Kx'f + 2 = {-Kzf + 2 = deg{Z) + 2 = 10 (The 
2nd equality follows from the property of blow-up of a node. The 3'''^ equality is true since 
X' ^ Z is an isomorphism outside codimension 2.) 

In fact, requiring - in addition - an existence of 6 nodes Zi, ...jZqis superfiuous. We shall 
verify this. 

(N.3. 2) Proposition. Let Z C be a complete intersection of tliree quadrics contain- 
ing a fixed smooth quadratic surface Q. Then: 

(i). There exists a linear pencil P of quadrics which contains Z, such that rank{Qt) = 
6, VQt e P, and one of the following two alternatives takes place: 

(a) , the vertices of the general two different quadrics of P do not coincide; 

(b) . two different (hence - the general two) quadrics of P have a common vertex. 
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Moreover, if Z is general, then Z fulfills (a). 

(ii) . The rational projection X" from the node of the general nodal X G A'lo is a complete 
intersection of three quadrics, containing a quadratic surface, for which the alternative (a) 
takes place. 

(iii) . The general Z is canonically birational to a nodal X e Xiq, and the birational 
isomorphism Z ^ X is the same described in (N.3.1 ); in particular, Z has 6 nodes lying on 
Q. 

Proof. 

(i). Let n = P{\2{Z)) be the plane of quadrics containing Z C P^, and let P^ = Span{Q). 

The P^-family of quadrics {Q : Q e U} intersects on P^ the single quadratic surface Q. 
Therefore, there exists a pencil P C IT of quadrics which contain the space P^. The pencil 
P is hnear: If Qo, Qoc e P, then Qt ^ Qo + t.Q^ e P,yt e C U oo - since Qt D P^. That 
is, P is a hne in 11 = P^. 

The general choice of Z implies that the general Qt is a quadric of rank 6. Let Vt — 
sing{Qt) be the vertex of the general Qt- Clearly, Vt eP^. 

There are two possibilities: 

(a'). Voj^v^,and {b'). Vo = Voo- 

The possibility {b') corresponds to the alternative (6). In this setting, it is clear that case 
(6) is a degeneration of the case (a) - if two (hence - the general two) quadrics, containing 
Pq, have coincident vertices. 

Wc shall sec that for the general Z all the quadrics Qt EP are of rank 6. 

Let Q be a (fixed) smooth quadratic siufacc in P®, and let Z be the moduli space 

2 — {Z G P^ : Z Z) Q, and is a complete intersection of thee quadrics }/ — ■ 

Let Z"' C Z he the open subset of these Z e Z ior which the alternative (a) takes place. 

Let Z e Z he general, in particular, Z e Z"; and let he the determinantal set of 
quadrics of rank < k, in P^, k = 1, 7. It is well-known (or, one can see this directly) that 

Dk C -Dfc+i, k = 1,...,Q, and 

codim.{Dk C D7) = {7 - k){7 - k + l)/2, k = 1,...,6. 

Now, the general position of the hne P C Dq gives that P does not intersect - since 
codim.{D^ C Dq) — 2 > dim{P) — 1, i.e. all the quadrics Pt E P C Dq have to be of rank 6. 

It follows from the preceding that the vertex map i> : P^ = P — > P^ is regular at any 
point Pt eP. 

Let Cy = v{P) C Pp be the image of v. Then Cy is an irreducible curve in Pj^. The map 
V is an isomorphism, since otherwise the vertices of two elements of P will coincide ( = the 
alternative (b)). In particular, Cy is reduced - as a scheme-image of P. Therefore Cy C P^ 
is a smooth irreducible rational curve. This proves (i). 

(iii). Let d = deg{Cy), and let Q ^ P be a general quadric which contains Z. It follows, 
from the definition of the vertex curve Cy, that the fourfold W - defined by the pencil 
of quadrics P - has a double singularity along Cy. Moreover, the 2d points zi,...,Z2d of 
intersection of Cy and Qlie on Q — Q n P^, and these 2d points are nodes oi Z — W f] Q; 
and the general choice of Z implies that the only singularities of Z are the 2d nodes Zi, Z2d- 
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Just as in (N.3.1), one can blow up zi,...,Z2d, etc. The preimage Q' C X' of Q is a 
contractible quadric. After blowing down Q', one obtains a 3-fold X which has a node o on 
the place of Q. Now, the same argument as in (N.3.1) (see the proof of (3)-(4), in (N.3.1)) 
imphes that X is a Fano 3-fold of index 1 and of degree 10. 

In particular, d — deg{Cy) — 3, i.e. the vertex curve is a twisted cubic, for the general 
element of Z. This proves (iii). 

(ii). Let X" C be the projection from the node of the general nodal X e Xiq. Clearly, 
X" represents an element [X"] e Z, and we have to see that [X"] e Z"-. 

In this case, the line P C 11 coincides with the hne Pf of Pfafhans defining the projection 
W" of the fourfold W — W5. We shall find this line, in canonical coordinates on W - see 
Lemma (A.2.2): 

Let Xij be canonical coordinates on W. In these coordinates W C G{2, 5) is defined by 
the hypcrplancs: 

-^^0 • ^03 = ^14, Hi : = X23- 

We can fix the general point o eW, which is a node oi X — X^q, to be o = 634. Indeed, 
the prehomogcncous fourfold is a closure of the Aut{W)-OThit Orble^^) - and all the 
points of Or6(e3 4) = W — Yo arc A-ut(W^)-equivalent to each other (see Proposition (A. 5.1)). 
Then, one can choose (a;oi, a;o2, a;i2, a;o3, a;o4, 2:13, 2:24) to be coordinates on P^. 

The hne Pf is spanned on the quadrics: 

Po = Pfaffies) = X01X2A - X02XU + X04X12 = ^01X24 - 2^022^03 + 2^042^12 and 

Poo = Pfttff{^4) = 3^012^23 ~ 3^023^13 + XQ3X12 — XQ1X04 — Xo2Xr3 + .103X12 

Clearly, rank{Po) = rank{P^) = 6, v{Po) = sing{Po) = eos, v{P^) = sing{P^) = 624, 
i.e. (a') takes place. 

Let i e C U 00. Then Pt = Po + t.P^ = 

a^oi(a:24 + t.Xo4) - 2^02(2^03 + ^-2^13) + Xi2{xo4 + t.xoa). 

Therefore rank{Pt) = 6, Vt G C U cx). 

The common 3-space of the quadrics Pt is P^ = Span{eo3, eo4, 613, 624). 

In the projective base (603,604,613,624) of P^, the vertex vt = sing{Pt) = 613 — t.6o3 + 
i^.6o4 — ^'^624. Therefore, the vertex curve Cy is a rational twisted cubic in P^, i.e. d — 3. 
In particular, the general X" is subject to the alternative (a). This proves (ii). 

(N.3.3) Description of the space Z = X" . 

Let X" be the moduli space of projections of the nodal X\q from their node, and let 
C Z be as in (N.3.2). 

As it follows from (N.3.2), the general elements of Z and of X" coincide; in particular 
dim Z = dim Z" = dim X" = dim X^^'^^ = dim X -1^21 (see also (A.6.2)). 
There is also a direct way to describe the moduli space Z. 

Description of Z. 

By definition, the elements of Z are the isomorphism classes [Z] of complete intersections 
Z C P® of 3 quadrics, containing a smooth quadratic surface Q. We can let Q be fixed, and 
let P^ = span{Q) C P^. It can be seen directly, e.g. - by regarding reducible Z e Z, that 
the general Z & Z has no biregular automorphisms (see, for example, the proof of Lemma 
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(A.6.1)); i.e., one can identify the general Z and the class \Z\ of Z. It follows that Z is 
generically isomorphic to the quotient space 

Z = V/Stp7(Q), where V is the variety of complete intersections of 3 quadrics through 
Q, and Stp7{Q) is the stabilizer of Q in Aut{P^) = PGL(7). 

On the other hand, the afhnization C*.Stp7{Q) of Stp7{Q) is an extension of C*.Stp7(P^, 
viaC*.P(^0(4)) = C*.Stp3{Q). Therefore dim Stp7{Q) ^ dim Stp7(P^+dim'P{SO{'i))+l 
= 21 + 7 - 1 = 27. 

On the other hand, the variety V of complete intersections of three quadrics through 
the fixed quadratic surface Q is naturally isomorphic to the 48-dimensional grassmannian 
G'(3, 19) of 3-dimensional subspaces in the 19-dimensional space H°{Op6{2) — Q). 

Therefore dim Z = dim Z = dim V — dim Stp7(Q) = 48 — 27 = 21. q.e.d. 

(N.3.4) The determinantal sextic of Z & Z. 

Let Z = X" e Z" = X" be general, and let P = PikiW")) be the line of Pfaffians 
defining the projection W" of the fourfold W — W^ (see the proof of (N.3.2)(n)). 

Let n = n(Z) = {Q(s) : (s) e P^} be the plane of quadrics through Z, and let 
A7(Z) = {Qe n{Z) : Q e D(i} = {{s) e P^ : det{Q{s)) = 0} C P^ be the determinantal 
curve (of degree 7) of the plane of quadrics 11. 

For the general Z E Z, any Q G A7 is a quadric of rank 6 (see the proof of (N.3.2)(ii)); 
and the two rulings of Q, Q G A7, define a unbranched double covering ttt : A7 — > A7. (The 
covering is unbranched also in the double points of A7 - the preimage of any double point 
of A7 is a pair of double points of A7.) Obviously, if IT were a general plane in the space 
I (9p6(2) I, then A7 will be smooth, and 717 will be a unbranched double covering. It is 
well-known that the intermediate jacobian [J[Xs), Q) of a threefold Xg, defined by such 11, 
is isomorphic, as a p.p. abelian variety, to the Prym variety (P, S) of the pair (A7, A7) (see 
[Bl]). 

However, if Z E Z = X" is general, and 11 = n(Z) is the plane of quadrics containing 
Z, then the determinantal curve Ai{Z) is reducible - it contains the line of Pfaffians P. 
Moreover, any quadric Q{s) e P has rank 6 (see (N.3.2)(ii)). It is also not hard to see that, 
for such Z, the residue curve A(Z) = A.7{Z) — P is a smooth plane sextic (see e.g. the proof 
of Proposition (N.2.6)), which intersects P in 6 disjoint points: (s)i, {s)e. 

Definition. We call the residue curve A = A(Z) the determinantal sextic of Z E Z"" . 

The curve A7 splits into a union of three smooth irreducible curves A7 = A + P' + P", 
such that : 

(i) . the double covering t^-j induces a unbranched double covering tt : A — > A; 

(ii) . P' and P" are disjoint smooth rational curves, and 7r7 induces on P' and P" the 

isomorphisms vr' : P' -> P ^ P\ and tt" : P" P = P^ 

(iii) . (7r7)-^({(.)i, (.)6}) = {(.);, .., (.)a U {(.)'/, .., (s)'a, where {(.)i, .., {s)',} = A n 
P', {(s)'/, .., {s)l} = A n P', and Ti,{s)[) = 717(5)^ = (s)„ t = l,...,6. 

(N.3.5) Proposition. Let Z E Z be general, let A be the determinantal sextic of Z, 
and Jet TT : A — > A be the induced by unbranched double covering, and let {J{Z), ©) be 
(the abelian part of) the intermediate jacobian of Z . Then {J{Z), 0) is isomorphic, as a p.p. 
abelian variety, to the Prym variety {P, S) of the pair (A, A). 
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The proof is a straightforward speciahzation of the same statement for the general com- 
plete intersection of three quadrics (see e.g. [Tju, ch.3, sect. 2]). 
(N.3.6) The map det : Z ^ W^^"^ . 

It follows from (N.3.4) that the general Z & Z defines uniquely the determinantal pair 
(A7,A7) = (AUP'UP", AUP) satisfying the properties (N.3.4)(i),(ii),(iii). Moreover, since 
Z is Si complete intersection of three quadrics, the determinantal pair of Z must be even (see 
e.g. [Tju, ch.3, sect. 2]). 

We shall see that the opposite is also true. 

Let TZd{d — 6, 7) be the moduli space of double coverings of plane curves of degree and 
let 7?.6+i C TZ-j be the moduh space of double coverings satisfying (N.3.4)(i),(ii),(iii). Let 
'j^ven ^ -^^^ (resp. 7?.g!jff C TZq+i) be their components of even (i.e. admissible - see [FS]) 
coverings of corresponding plane septics. 

Let ^"2.2.2 be the moduli space of complete intersections of three quadrics in P^. The 
determinantal map det : ^"2.2.2 TZ'^""'", X2.2.2 — ^ (A, A)(X2.2.2) is well-defined in the generic 
point X-2,2.2 of '^2.2.2, as well - in the general point Z of the subspace Z C X2.2.2- Moreover, 
det{Z) c 7^^!;T. 

Proposition. (The restriction of) the determinantal map det : Z TZg^i is surjective 
and of degree 1 in the general point. 

Lemma. Let P be a general linear pencil of quadrics of rank 6 in P^. Theii the quadrics 
of P have a common P^. 

Proof of the lemma. Assume that P = {Q(t) : (t) e P^} is a general linear pencil of 
quadrics of rank 6 in P^, and let W2.2 be the base set of P. Any Q{t) is a cone with a 
0-dimensional vertex - a point v{t) G P^. Let = {v{t) : t G P^} be the set of vertices of 
Q{t). By the theorem of Bertini, Cy C ^^2.2- The general choice of P implies that is a 
curve. Moreover, C Sing{W2.2)- 

Let Span{Cv) be the projective linear span of C P^. Since the base set W2.2 is an 
intersection of quadrics, and C,, C Sing(W2.2), then any bisecant line of C Sing{W2.2) 
lies in M^2.2- Therefore Span(Cy) C W2.2, i-e. the projective space P"' = Span{Cy) lies on 
any quadric Q{t) G P. In particular, d = dim P*^ =: d{P) < 3, since P^ is the projective 
subspace of maximal dimension, in a quadric of rank 6 in P^. Clearly, the integer- valued 
function d : P — > d{P) takes the maximum value dg in the general pencil P. If we find a 
pencil P„ such that d{Po) = 3, then do = 3. This is the case, when P comes from the set 
of Pfafiians defining the projection W2.2 of the fourfold W5, through a general point G W5 
(see the proof of (N.3.2)(ii)). Therefore do = 3. q.e.d. 

Proof of the proposition. On the one hand, it is known by [FS] that det defines a 
generically one-to-one correspondence det C A2.2.2 x TZj"^^ {— a birational isomorphism 
det : ^2,2.2 T^y"*^"^); see also [Dl]. In particular, any fiber of det has to be connected - 
since the general fiber (= a point) is connected. 

On the other hand, the lemma implies that if (A, A) G T^g+T) then the elements of the 
line P, occurring as a component of A7, have a common P^. Therefore, any X G X2.2.2 
defined by a plane of quadrics 11 D P, must contain a quadratic surface, i.e. X ^ Z. 

In particular. 
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(1) . the fiber F of det, over tlie general element TZq^i must lie entirely in Z, i.e. the set 
of these Z & Z which have the same dctcrminantal pair, must be connected (see above). 

The surjectivity of det : X2.2.2 — TZj"''"', together with (1), imply: 

(2) . det: Z ^ U^^^^ is surjective; 

(3) . the dei-preimage of 7?.|!|.^f lies entirely in Z. 

It rests to see that dim TZl^_^^ — 21(— dim Z. Then the general fiber of detZ — > 7?.|!jf" 
will be a point. 

According to (N.3.4)(i),(ii),(iii), the variety T^e+i admits a natural surjective map 
: Te^^T ^ ^6 , (Ae U P' U P") ^ (Ag U P). 

As it follows from the preceding, the general fiber (■^)~^(A6 U P) is isomorphic to the 
2-dimensional set S of 6-tuples: 

S = S{A) {{s)[, E Symm%A,) : n{{s)[ + ... + (s)',) e\ 0^,{1) |}. 

It is known - sec [B3] - that 5 is a union of two irreducible 2-dimensional components 
S = U S~ , dependent on the parity of the elements of {ijj)~^{AQ U P). Therefore, one 
of these two components, say 5+ must belong to T^g+f, the restriction t/;^'"^'^ :— t/j^-jieuen : 
jieven _^ -g gurjective, and the general fiber of t/j is isomorphic to S'^. In particular, 
dim 7^6+1 = dim TZq + 2 = 21 q.e.d. 

(N.3.7) Corollary. The natural map ip o det : Z TZ^ is surjective, and the general 
fiber of ip o det, over the covering vr : A ^ A, is isomorphic to one of the two irreducible 
components of the surface S{A) = Ca(1) |)- 

(N.3.8) The fiber of the intermediate jacobian map j : A'^q"''"' — > ^9. 

Let j : X^Q^^ = X" = Z ^ Ag be the intermediate jacobian map: j : Z t-^ j{Z) = 
(J(Z),0), where J{Z) is the abelian part of the generalized intermediate jacobian J{Zy^" 
of the singular threefold Z. Clearly, J{Z) = J{X), where X is the nodal Fano threefold of 
degree 10 canonically birational to Z - see (N.3.2). 

We shall identify Z — X" and A"/^*"^"', as well their intermediate jacobian maps j. 

Proposition. Let j : X^q"^"-^ — > Ag be the intermediate jacobian map, defined in the 
general X G X^q'^"''' by j : X ( J(X), 0) - where J{X) is the abelian part of the generalized 
intermediate jacobian of X , and is the theta-divisor of principal polarization on J{X). Let 
J^q"'^"-^ be the image ofj, let j{X) be a general point of J^^'^''\ and let j-\j{X)) C X]^""^""^ 
be the fiber of j through X. Then j~^{j{X)) = F Li F', where F and F' are irreducible 
surfaces. Moreover, let Z — X" be the projection of X from the node o E X, let A be the 
determinantal sextic of Z, and iet tt : A — > A be the induced double covering. Then one of 
the components of the fiber, say F, is isomorphic to one of the two irreducible components, 
sayS~^, of the variety S = {D G Symm^{A) : 7i^{D) g| Ca(1) |}- Moreover, F' is isomorphic 
to a similar component S''^, obtained from the pair (A', A') which is the unique involutive 
of (A, A) under the Dixon correspondence (see [Ve]) in TZq. 

Proof. Let p : TZq — > A9 be the Prym map p : (A, A) 1— > the p.p. Prym variety 
Prym{A, A) = (P, S). As it follows from the recent result of Verra, the fiber p~^{p{A, A)) 
has exactly two elements - the pair (A, A), and the pair (A', A'), obtained from (A, A) by 
the Dixon correspondence for double coverings of plane sextics - see [Ve] . 
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Let S' be the analog of the surface S, for the pair (A', A'). As it follows from (N.3.6), 
one of the two irreducible components of S', say S'^, is in 1-by-l correspondence with the 
family of these Z & Z the determinantal pair of which coincides with (A', A'). 

The elements Z E Z ^ X]^q'^"''', which are in 1-by-l correspondence with the elements of 
the two described 2-dimensional famihes S'^ and S''^, sweep out one entire fiber of j. Indeed, 
j{Z) = p(A, A) = p{A',A'), for any such Z. Moreover, the 1-by-l correspondence between 
Z and T^Q^^", the irreducibility of the fiber of the natural projection TZ^^^ TZq, and 
the Verra's result that deg{p) = 2, imply that the elements F U F' sweep out one complete 
fiber of j. q.e.d. 

(N.3.9) Remark. 

Let Z & Z, and let X be the nodal Fano 3 fold of degree 10 for which Z = X" = the 
projection of X from its node. Define F{Z) to be this component of the family of conies 
on Z = X", the general element of which is a projection of a conic on X. The numerical 
definition of such a conic q (Z Z is: deg{q) — 2 and (q.Q) = 0, where Q (Z Z is the quadratic 
surface which he on Z. That is, F{Z) is the projection of the Fano surface J^{X) of conies 
on X. 

Let (A, A) be the determinantal pair of Z, and let S'^ C Symm^{A) be the "even" 
component of S parameterizing the elements of the component F oi j~^{j{Z)) which pass 
through Z - see (N.3.6). 

It can be seen that there exists a natural birational isomorphism : J-'{X) — > S'^ - see 
[L], or (F.5.4). Assuming the birational isomorphism 0, it follows that the Fano surfaces 
F[Z), of the elements Z of the component F (sec (N.3.8), are birational to each other (any 
F{Z) is birational to F). Moreover, let X be the unique nodal Fano 3-fold of degree 10, for 
which Z — X" — the projection of X from its node. 

Since, by definition, the general conic of F(Z) is a projection of a conic from the Fano 
surface J-'{X), this implies that J^{X) is birational to the component F of j^^{j{X)). (Here 
the families X^q'^"''' and Z, as well their intermediate jacobian maps to ^g, arc identified.) 

The same is true for the elements Z' of the residue component F' of the fiber j~^{j{Z)), 
and for the Dixon involutive pair (A', A'). 

* * * 

In the next section, we shall see that similar results arc true also for the general Fano 
threefold of degree 10 : The fiber of the intermediate jacobian map j : Afio is a union of two 
surfaces F U F, s.t. F (resp. F) is birational to the Fano surface F{X) of any threefold X 
representing a point of F (resp. F). 
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F. The fiber of the Griffiths intermediate jacobian map j : Aio — > ^lo- 
(F.O) In this section we describe the general fiber of the Griffiths map on Xiq - see 
Theorem (F.6). 

(F.l) Proposition. Let X e A'lo be general, let q be a general conic on X, and let 
Uq : X ^ Xq e Xio be the conic transformation of X defined by q. Then Xq is not biregular 
to X , i.e. ag is not a birational automorphism of X. 

Proof. Let = J-'{X) be the Fano surface of conies on X - see (C.l), and let g G be 
general. According to (C.6), aq transforms the pair {X,q),q e ^{X) to a pair {Xq,q),q e 

J'iXq). 

Assume that g is a general conic on X, and Xg — X. 

Let M = Mg e| 2.H - 3.q \ and M = e| 2.H - 3.q \ be the exceptional divisors of 
Oq and a-q - see (C.3.1)-(C.3.2), and let a = (Tg : X' ^ X and a = a-q : X~^ Xg = X 
be the blow-ups of q and q, defined in the construction of the map aq (sec (C.2.1)). Let 
Q' = cr^^{q) C X' and = a^^(g) C X^ be the exceptional divisors of a and a. Let 
M' C X' be the proper preimage oi M C X, and let M"*" C X'^ be the proper prcimage of 
M+ GXq^ X. 

Let p : X' — > X'^ be the fiop, defined by aq. Then, by the involutivc property (C.6) 
of aq, the fiop J) : X~^ X' , defined by a-q, coincides with p^^ . Let C X^ be the 
proper p-image of M' on X+, and let M C X' be the proper p-preimage of M on X' . Then, 
according to (C.5.3) (, or (C.6. 2)), M+ = Q , and M = Q'. There are 4 possibilities: 

(a) , q q, and qOq — (Z); 

(b) . q ^ q, but q intersects q in a single point; 

(c) . q = q = the unique involutive conic of g - see (C.3.3); 

(d) . q = q. _ 

In case (a), the coincidences M"*" = Q (= the exceptional divisor of the blow-up of g), 
and M = Q' {= the exceptional divisor of the blow-up of g), imply that the divisors Q' C X' 
and M' {— the proper p-preimage, in X', of M+ = Q^) are disjoint, which contradicts the 
definition of the divisor M &\ 2.H — 3.q \. 

In cases (b) and (c), the same coincidences as in (a), imply that Q' and M' intersect each 
other in a union of fibers of the natural projections a : Q' ^ q and aop : M' —>■ M+ = Q ^q- 
This is also impossible by the definitions of M and M: the surface M C X coincides with 
the union of rational quartic curves C C X which intersect g in 3 points - see (C.3.1)-(C.3.2). 
As it follows from the construction of aq - see (C.6. 2), the last implies that the intersection 
cycle M' fl Q' is a 3-section of a : Q' ^ q - contradiction. 

In case (d), the conies g and g are coincident. Therefore X' and X"*" can be identified, i.e. 
X' = X^. In particular a = a, and M' = Q' = Q = M+ (the left and the right coincidence 
- by Xg = X, and g' = g+ - by g = g and X' = X+). However, M' M+, since the fiop 
p : M' — > is not a biregular isomorphism - for example, p blows-down the exceptional 
curves l'i,q'j,q' C M' - see (C.1.1), (C.2.2), (C.6. 2). Therefore, case (d) is also impossible, 
q.e.d. 

(F.2) Proposition. Let gi and q2 be two general conies on X, s.t. gi ^ q2, and let 
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: X and : X — > Xq^ be the conic transformations of X, defined by qi and q2. 

ThenXq.^X,,. 

Proof: (see the proof of (3.1). Just as in (F.l), the proof of (F.2) can be based on the 
intersection properties of exceptional divisors "of type M" and "of type Q": 

Let aq^ : X — > Xq^, and : X — > Xq^ be the conic transformations of X, defined by 
qi and q2- By assumption qi ^ q2, but Xq^ = Xq^ =: X. Let gT C X and g2 C X be the 
conies on y = X^^ = Xg^, defined by the pairs (X, qi) and (X, ^2) ^ see (C.6). Then, by the 
involutive property (C.6) of a, ag{X) = X, aq{X) = X, and the pairs (X, gi) and (X, ^2) 
are defined respectively as conic transformations of the pairs {X,ql) and (X, g^) (see ). 

Let H and H be the hyperplane sections of X and X. Let Mi e| 2.H — S.qi |, M2 e| 
2.H — 3.g2 I, Ml e| 2.H — S.gT |, and M g| 2.H — 3.q2 \ be the exceptional divisors of 
the corresponding conic transformations, defined by qi, q2, qT, and gi- Let 0"i : X( — > X, 
o"2 : ^2 ^! ^1 • ~^ ^) ^2 '■ X2 ^ X be the blow-ups of gi, g2, gT, and g2, and let 
Qi->Q2-> Qii Q2 be the exceptional divisors of the corresponding blow-ups of gi,g2, gT, 
and q^. Just as in the proof of (F.l), the coincidence X^^ = Xq2{— X) imply that the proper 
preimages of Mj and coincide on X[, X'2, X^ , and X2 ■, i — 1,2. Now, corresponding to 
the cases 

(a) , gi and g2 are disjoint, 

(b) . gi n g2 = (a point), 

(c) . g2 = gi = the unique the involutive of the conic gi, 

these coincidences imply that the preimages of the surfaces Mi and M2 must intersect 
each other along a (possible empty) union of fibers - rational quartic curves intersecting 
gi and g2 in 3 points. As in (3.1), this is impossible. Indeed, let C C Mi be a general 
fiber of Ml - a rational quartic curve on X, intersecting gi in 3 points. Then C intersects 
the quadratic section M2 e| 2.H — 3.g2 |c| 2.H |, in 8 = 2.deg{C) points. Therefore the 
intersection Mi fl M2 is a 8-section (not a union of fibers) , on any of the mentioned proper 
preimages of Mi and M2 - contradiction. Therefore Xp 7^ Xq. q.e.d. 

(F.2.1) Corollary. Let X G A'lo be general, and let T = J^{X) be the Fano surface of 
conies on X. Let a : T ^ A'lo be the rational map, dehned by the closure (in T x Xiq) of 
the graph-correspondence: 

E = {(g, Z) e X Xio : q is a general conic on X, and Z — Xq}. 

Then a defines a birational isomorphism a : T ^ a[T^ onto its image a(jF) c A^iq. 

(F.3) Proposition. Let X e Xiq be general, and let a : T ^ ct(-^) C Xiq be the map 
defined in (F.1.1). 

Let j : XiQ — > be the intermediate jacobian map on Xio, defined (in the general point 
X e Xio) by 

j : X the p.p. intermediate jacobian (J(X), 0) of X. Let J'iq C ^10 be the image of 
j, and let j^^(j(X)) C Xiq be the hber of j over the (general) point j(X) G jTio- 

Then the surface a(jF(X)) is an irreducible component of maximal dimension of the hber 

r\j{x)). 

Proof. For the general XinXiQ, T{X) is a smooth irreducible surface - see [L], or [Ilil]. 
According to (F.2.1), a{T{X) is birational to T. Therefore a{T{X) is an irreducible surface 
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in XiQ. 

The inclusion «(JF) c j~^{j{X)) will follow from the coincidence of the p.p. intermediate 
jacobians J{X) and J{Xq), for the general conic q C X. This is obvious: By construction - 
see (C.6.2) - the conic transformation ag : X ^ Xq is a. product of cr-processes centered on 
smooth rational curves; and any such cr-process does not change the intermediate jacobian 
of the threefold; see also (I.l). 

In rests to see that dim j~^{j{X)) — 2. Then a{J-{X)) will be a component of maximal 
dimension of j ~ ^ ( j (X ) ) . 

Consider the restriction of j, on the subvariety X^q'^"'^ of nodal Fano 3-folds of degree 10. 
Clearly, the general Lefschetz pencil {X{t) C : t e P^} C Xiq contains a finite number 
of nodal threefolds, i.e. dim{X^^^^) = dim{Xio) - 1 = 22 - 1 = 21 (see also (N.3.8)). 

Let J'iq'^"''' = j(^[o°"'"') C jTio C be the subvariety of generalized intermediate jaco- 
bians of nodal Xiq. If X e is general, then the node o of X defines j{X) uniquely as 
an extension of C* by the abelian part {J{X), 0) e Ag. 

On the one hand, according to (N.3.8), the general fiber of the map j" : A'j^"'^"' — > ^9, is 
a union of two irreducible surfaces; in particular, dim j"(A'[Q°"'"') = 19. Therefore, dim jTio > 
dim j"(A';[[)"''°0 + 1 = 19 + 1 = 20. On the other hand, dim Jiq < dim Xiq-2 = 20, since the 
general fiber j~^(J(X)), X e A'lo, contains the surface a{T{X)). Therefore dim Jiq = 20, 
and the components of maximal dimension, of the general fiber of j, are of dimension 2 
q.e.d. 

The next if the analog of (F.1)-(F.2)-(F.2.1)-(F.3), for line transformations. The proofs 
are identical: 

(F.4) Proposition. Let XiXiq be general, and let li and I2 he a pair of two general 
lines on X. 

Let Pi^ : X ^ Xi^ and Pi^ : X ^ Xi^ be the transformations defined by h and I2. Tlien 
Xi, ^ X, Xi, =^ X; and if h ^ h tlien Xi, ^ Xi,. 

Let r = r(X) be the curve of lines on X - see (L.l). Let : F — > Xiq be the map 
defined by: j3 : I ^ Xi, for general I G F (see the dehnition of a in (F.2.1)). Then f3 dehnes 
an embedding of T , in the fiber j~^{j{X)) of the intermediate jacobian mapj, over the point 

j{x) e Jio. 

(F.5) Proposition. Let X G Xiq be general. Then the fiber j''^{j{X)) has exactly two 
irreducible components of maximal dimension = 2. 

Let F and F be the closures, in Xiq, of the two 2-dimensional irreducible components of 
r\j{X)). Then r\j{X)) = FUF.^ 

Denote by F the component of j~^{j{X)) defined by the condition X e F. Let T{X) 
and r(X) be the Fano surface and the curve of lines on X. Then a{J-{X)) = F, and 
f3{r{X)) C F, i.e. the conic transformations do not interchange the components of j, while 
the line transformations interchange the components of j . 

Proof. To begin with, we shall see that a{J-{X) and /3(r(X) lie in different components 
f j~^{j{X)). Assume, on the contrary, that a{T{X) and P{r{X) lie on the same component 
of j~^{j{X)), say F. Then the closed set a{J^{X)) coincides with F - see (5.3). In particular, 
P{r{X)) C a{T{X)). 
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Turning back to the definition of tlie conic transformation in section C, one can see that 
aq can be defined, and Xq G A'lo, for any r-conic q d X (see the description of M in 
(C.3.1)-(C.3.2)) - including the reducible r-conics q = I + m, where the intersecting lines 
have non-coincident centers - see Remark (F.5.1). 

In particular, we obtain that Xg — aq{X) is a well-defined Fano threefold of degree 10, 
for any r-conic q G X. Indeed, the only exceptions of r-conics, where a may be not well- 
defined, arise from the finite number of involutive pairs of reducible r-conics on the general 
X, which form a subset of codimension 2 in the open set of r-conics on X. By the Hartogs's 
theorem, the map a can be completed to a regular map also in these r-conics (all they are, 
in general, disjoint from the curve of p-conics, where a has not been described explicitly. 

Therefore, the only elements of the Zariski closure of a{X), which may lie on the boundary 
of the moduli space Xiq, must correspond to cr-conics, or - to the unique p-conic on X. 

Since the set of cr-conics on X is a smooth rational curve on J^{X) (see (C.1.1)), the 
isomorphic image /3{T{X)) of the non-rational curve T{X) (see (F.4)) does not he entirely 
outside the ct-image of the open set of r conies on X. Indeed, by the decomposition of 
birational isomorphisms in dim = 2 into o"-processcs and their inverses, the STirfacc q:{J-'{X)), 
which is birational to the smooth surface must be biregular to except at most in a 
union of rational curves. 

Therefore, the general line transformation Xi of X must coincide with some conic trans- 
formation Xq oi X, where q is a r-conic on X - which is impossible by the same arguments 
as these in the proof of (F.2). Therefore the curve l3{r{X)) does not he in the component 
a(^(X))ofr'(j(X)). 

The next is to see that a{J-'{X) must coincide with the component F of j~^{j{X)) ~ 
F U F, defined hy X e F. Assume, on the contrary, that a{J^{X) — F. According to the 
preceding, this imphes that P(r{X)) C F. 

Let g = / + m be a general reducible conic on X, i.e. the components / and m of q are 
two different lines, intersecting each other in a single point x E X. Since X is general, we 
can assume that Ni\x — Nm\x — C'(— 1) © O, and the "centers" (see the proof of (L.3.1)) of 
I and m do not coincide. 

Therefore q — l + m is & conic of r-type (see (C.1.0)). Moreover, by the general choice of 
X, one can suppose that the unique involutive conic p, of the r-conic q = I + m, is smooth. 

By Remark (F.5.1), the transformation a is defined on I + m, and the threefold Xi^^ — 
q;;+to(X) is an element of Xiq. 

Let Pi : X ^ Xi he the line transformation of X defined by and let I G Xi he the 
hne defined by the pair {X, I) - see (L.6). As it follows from the description of Pi - see e.g. 
(L.6.2), Pi transforms m to a line nii C Xi which intersects I. The pair {Xi,mi) defines 
the line transformation P^^ '■ Xi X/,mi, and the line rui C Xi^^i- Similarly, the proper 
/3mi-iniage of I is a line li C Xi^mi, which intersects m^- 

On the one hand, the birational map Pmi ° Pi '■ X ^ -^i,mi is a composition of two line 
transformations, which - by assumption - leaves the image Xi^^^ in the component F which 
contains X. On the other hand, the composition P^-^ o Pi, and the map a^+m coincide. In 
fact, by the same argument as in [Isk3,(4.6.1),(4.6.2)] (where conic and line transformations 
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are defined for tlie intersection V2.3 of a quadric and a cubic in P^), the conic transformation 
and the composition of the hne transformations f3rni ° Pi, differs from each other by 
a biregular isomorphism of X. Since the general X has no biregular automorphisms - see 
Lemma (A.6.1), this proves the coincidence. In particular, Xi^mi = ^i+m- 

Now, according to the assumption, the line transformations Pi and leave the images 
Xi and Xi^jn^ in the component F, while Xi^m ^ However = Xi,mi ^ contradiction. 

It rest to see that the fiber of j, through the general X G A'lo, cannot have other 
components, besides the two already known components F and F of the birational orbit of 
X. 

As it follows from section N , the fiber of j, over the generalized intermediate jacobian 
of the general nodal Xio, is a union of two irreducible 2-dimcnsional families of nodal Xio-s 
(see e.g. Proposition (N.3.8) - formulated in terms of the 9-dimensional abelian part of the 
10-dimensional generalized jacobian of the nodal Xiq). Therefore, the 2-dimensional general 
fiber j~^{j{X)) must be a union of two irreducible surfaces. However, we already know these 
surfaces - they are, in fact, the already known components F and F of the birational orbit 
Orbbir{X) . In particular, all the points of Orbbir{X) must lie on F U F. q.e.d. 

(F.5.1) Remark. Description of the conic transformation in a general reducible conic. 

It is not hard to find the degeneration of the conic transformation for such degenerate 
conies. We shall describe it for a reducible conic l + mior which the unique involutive conic 
p = / + m is smooth. By the general choice of X, this is the general case of a reducible conic 
on X. 

To the first, one have to replace X with X = (the blow-up of X in x). Then, the proper 
preimages / C X and m C X, of / and m, become disjoint, and one can blow-up / C X and 
m C X simultaneously to a threefold X'. 

Then one has to perform all the cr-processes over the proper preimages of the contractible 
lines and conies for the projection from l+m, to obtain the threefold X~^ (which is the analog 
of the flop-cd threefold X~^ for a smooth r-conic - see (C.6.2) and (L.6.2). Then the proper 
images Mi^ and , on X+ - of the unique divisors Mi g\ H — 2.1 \ and Mm e \ H — 2.m \ 
- become disjoint and contractible along their rulings. This way, one obtains the threefold 
Xij^rn-, which (by symmetry - just as X) contains a plane - the proper image of the 
exceptional divisor which lie over the unique involutive conic p of Z -|- m. The base curves 
and rri^ of the obtained birational morphism X^ ^/+m arc disjoint, and each of these two 
curves intersects P"*" in a single point. The plane P+ defines a contraction Xi^m, 
and the images I and m, of the two base curves, joint each other in the point-image x of 
P+. The reducible conic J + m G Xj+m is the counterpart of the conic l + m G X, under the 
degenerate conic transformation 0;;+^. 

(F.5.2) Corollary. In the notation of (F.5), let j~^{J{X)) = F+F be the decomposition 
of the general fiber of j into irreducible components. In particular X E F — a{J-{X)), where 
^{X) is the Fano surface of conies on X . 

Let Z e Xio he another threefold which belong to the component F. Assume that Z is 
otherwise general, and let TiZ') be the Fano surface of conies on Z. Then TiZ) is birational 
to T{X). 
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Proof. Since Z & F is general, and F = a{J-'{X)), there exists a unique conic q G ^{X) 
such that Z = Xq = aq{X) (see (F.5) and (F.2)). Since X and Z = Xg belong to the same 
component F of = j~^{j{Xq)), both J-'{X) and J-'{Xq)) are birational to F. This 

proves (F.5. 2). 

(F.5. 3) The birational isomorphism 4>q '■ ^{X) ~^ ^i^q)- 

One can find directly a natural birational isomorphism (l)q : J-'{X) — > T{Xq). 

We shall define (f)q in the general conic p G J^{X). Since p is general, one can assume 
that q and p are disjoint, and the planes Span{q) and Span{p) do not intersect each other 
in P''' = Span{X). Let P^(p, g) := Span{p U g). Since X is a Fano threefold of index 1, 
and of degree 10, the intersection P^(p, q) f] X is a, canonical curve of degree 10 (and of 
arithmetical genus 6), which contains the conies p and q as components. The general choice 
of the pair {p, q), and the Riemann-Roch formulae for singular curves, imply that the residue 
curve C{p,q) = H X — p — q is a smooth rational sextic which intersects each of p and q 
in 4 points. Since q is fixed, the choice of the general conic p defines uniquely C{p, q). Now, 
observe that the conic transformation (3q : X ^ Xg sends C{p, q) to a conic r{p, q) C Xq. In 
fact, is enough to compute deg r{p, q): 

Since Pq is defined by the system | 3.H — A.q |, then deg r{p,q) = deg Pq{C{p,qj) = 
3. deg C{p, q) — 4:.^{C{p, 5) Hg) = 3.6 — 4.4 = 2, i.e. r(p, q) is a conic. Let, moreover, q G Xg 
be the conic defined by the pair (X, q). It can be easily seen that if p and q are disjoint, 
then the conies r{p, q) and q are disjoint. 

For the general conic p, we define the birational map 0^ : .F(X) — > J-'{Xg) by : p 1— > 
r{p,q). 

(F.5. 4) Remark. 

Let {X{t) C W5 : t E P^} be a general Lefschetz pencil in A'lo, and let t = be one of 
the finite number of values of t for which X{t) acquires a node. 

Let (A, A), and A', A') be the determinantal pair, and its Dixon involutive pair, defined 
by X(0) (see [Ve], or (N.3.8)-(N.3.9)). 

According to Proposition (N.3.8), the fiber of the intermediate jacobian map for nodal 
Xio, is isomorphic to the union of the two special surfaces S'^ C Symm^{K), and S'^ C 
SymwP{K') - see also the proof of (N.3.6). Moreover, since the Lefschetz pencil defines a 
projective deformation of X{t) C C P^, the Fano surface of conies on jF(X(t)) degen- 
erates to the Fano surface JF(X(0)). As it follows from (F.5), JF(X(0)) has to be birational 
to the component -F(O), of the fiber j~^j[X[Q)) = F{0) U F{0). Here the intermediate jaco- 
bian map j is regarded equally - as taking the abelian part of the generalized Jacobian of 
X(0), or - as taking the generalized jacobian of X(0). Since j~^{j{X(0)) = 5+ U 5'"^, the 
non-ordered pairs (F(0),F(0)) and {S~^,S'~^) must coincide. In particular, the Fano surface 
JF(X(0)) must be birational to at least one of and S'~^. This is consistent with Remark 
(N.3.9), declaring the birational isomorphism J^{X{0)) (see also (N.3.9)). 
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(F.6) The fiber of the Griffiths map for non-hyperelliptic Fano threefolds of genus 6. 
The following summarizes the main results in the paper: 

Theorem. Let Xiq be the moduli space of non-hyperelliptic Fano threefolds of genus 
g — 6 (and - of degree 10 = 2g — 2). Let j : Xiq — > be the Griffiths period map on 
Xio, sending the general X e Xio to its 10-dimensional p.p. intermediate jacobian j{X) — 
(J(X), O), and let jTio C he the image of j. 

Then dim J'iq = 20 (section N), and Xiq is birational to the 22-dimensional orbifold 
I Ow{2) I /Aut{W) - where W gP^ is the prehomogeneous Fano fourfold of degree 5, and 
Aut{W) is its S-dimensional automorphism group (section A). The fiber J~^(J, 0) C Xio, 
over the general ( J, ©) e Jio, is a union of two irreducible families of threefolds, and: 

(1) . If X is any threefold of j~^{J,Q), then the fiber j~^{J,Q) is isomorphic to the 
birational orbit Orhiy„.{X) (= the set of all birational images of X , in the class Xiq) - see 
(1.1)(*). In particular, all the threefolds of the fiber arc birational to each other. 

(2) . Let F be one of the components of j^^{J,Q), and let F be the residue component. 
Then, for the general pair (Xi, X2) E F x F, there exists a unique conic qi e Xi, and a 

unique conic q2 G X2, such that the pairs {Xi, qi) and {X2, ^2) are obtained from each other 
by the involutivc conic transformation a on Xiq. In particular, Xj is a birational image of 
Xi, under the quadruple cubic projection from qi, dehned by the noncomplete linear system 
I - \, where = (1, 2), (2, 1) - see (C.6), (F.1)-(F.3), (F.5). 

Moreover, if X E F, then the general line I C X defines a birational isomorphism 
(5i : X ^ Xi, where Xi E F (see (G.6) and (F.5)) - i.e. - the line transformations 
I — a line on X, interchange the components F and F of the fiber of the Griffiths map. 
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